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LOCAL AND END DEFORMATION THEOREMS FOR UNIFORM
EMBEDDINGS
TATSUHIKO YAGASAKI
Abstract. A local deformation property for uniform embeddings in metric manifolds (LD) is for-
mulated and its behaviour is studied in a formal view point. It is shown that any metric manifold
with a geometric group action, typical metric spaces (Euclidean space, hyperbolic space and cylin-
ders) and for κ ≤ 0 the κ-cone ends over any compact Lipschitz metric manifolds, all of them have
the property (LD). We also formulate a notion of end deformation property for uniform embeddings
over proper product ends (ED). For example, the 0-cone end over a compact metric manifold has the
property (ED) if it has the property (LD). It is shown that if a metric manifold M has finitely many
proper product ends with the property (ED), then the group of bounded uniform homeomorphisms
of M endowed with the uniform topology admits a strong deformation retraction onto the subgroup
of bounded uniform homeomorphisms which are identity over those ends. We also study a role of
uniform isotopies in deformation of uniform homeomorphisms and show that Alexander isotopies in
κ-cones induce contractions of some subgroups of groups of bounded uniform homeomorphisms.
1. Introduction
This article is a continuation of study of topological properties of spaces of uniform embeddings
and groups of uniform homeomorphisms in metric manifolds [2, 4, 5, 9]. Since the notion of uniform
continuity and uniform topology depends on the choice of metrics, it is essential to select reasonable
classes of metric manifolds (M,d). J. M. Kister [4] studied the case of the standard Euclidean space Rn
using Alexander’s trick. A.V. Cˇernavski˘ı [2] considered the case where M is the interior of a compact
manifold N and the metric d is a restriction of some metric on N . Recently, in [9] we considered
the class of metric covering spaces over compact manifolds and obtained a local deformation theorem
for uniform embeddings in those spaces. From this local deformation theorem we also deduced a
global deformation result on groups of uniform homeomorphisms of metric manifolds with finitely
many Euclidean ends. As an application, we showed that the group Hub (Rn) of bounded uniform
homeomorphisms of Rn endowed with the uniform topology is contractible as a topological space.
In this point, it is important to notice that there are two approaches to discuss topological properties
of various subgroups G of homeomorphism groups of (compact or non-compact) manifolds. One way
is to study ordinary topological properties as topological spaces under given topologies. Another way
is to modify various notions on topological spaces based upon characteristic features of subgroups
G and study those modified properties. A typical example is the notion of paths in G. For groups
of PL-homeomorphisms it is natural and useful to define a path as a PL-isotopy (independent of
choice of topologies in groups of PL-homeomorphisms). Although those modified notions are usually
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described by the same terminologies as original ones in literatures, we should distinguish these two
approaches rigorously and should not confuse them (as explained below).
In the fundamental textbook [7, Section 5.6] a modification of notion of (local) contractibility
is considered, since homeomorphism groups of non-compact manifolds are not necessarily locally
contractible as topological spaces under any of the Whitney, uniform and compact-open topologies.
In this textbook and related papers, a path is interpreted as an isotopy and the notion of (local)
contractibility is reformulated as (local) existence of continuous selection of isotopies to the identity
under a given topology. Under this weaker notion of (local) contractibility, homeomorphism groups of
any non-compact manifolds endowed with the Whitney topology is locally contractible [2, 3, 7] and the
group Hb(Rn) of bounded homeomorphisms of Rn endowed with the uniform topology is contractible
by means of Alexander isotopy in Rn (cf. [4]). However, this weak notion of local contractibility
does not imply even local connectedness of homeomorphism groups as topological spaces and the
contraction of Hb(Rn) defined by Alexander isotopy is not continuous with respect to the uniform
topology (Examples 7.1, 7.3). These differences between two approaches might lead to some confusion
in understanding of topological properties of homeomorphism groups of (non-compact) manifolds.
Here we emphasize that, throughout [5, 9] and this paper, we have studied the ordinary topological
properties of groups of uniform homeomorphisms endowed with the uniform topology as topological
spaces. In comparison with classical results, this difference of approach yields a contrast between
our statements and classical ones in some cases and also causes a situation that apparently same
statements have different meanings in other cases.
In this article we extract essence from the results obtained in [9] and formulate notions of local
deformation property over subsets and global deformation property over product ends for uniform
embeddings in metric manifolds (see Sections 3 and 5 for the precise definitions). Below we abbre-
viate the phrase “the local deformation property for uniform embeddings” as (LD) and “the end
deformation property for uniform embeddings” as (ED).
Study of basic behaviour of these deformation properties enables us to deduce deformation results
in more complicated metric manifolds from those in simpler pieces. For example, the additivity of
(LD) (Proposition 3.1) can be applied to show that any metric manifold with a locally geometric
group action has the property (LD) (Theorem 4.1). Here a group action on a metric manifold is
called (locally) geometric if it is proper, cocompact and (locally) isometric (cf. Section 4.1). In [9]
we considered metric covering spaces over compact manifolds. In terms of covering transformation
groups, these correspond to metric manifolds with free locally geometric group actions. Therefore,
this is regarded as a generalization from the free case to the non-free case. The key observation is
that any metric manifold with a locally geometric group action is a finite union of invariant open
subsets each of which is the total space of a trivial metric covering projection. Thus the non-free case
follows from the free case and the additivity of (LD).
Theorem 1.1. A metric manifold has the property (LD) if it admits a locally geometric group action.
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It is also shown that the property (LD) in a metric manifold depends only on the property (LD)
of its ends (Corollary 3.1). This observation leads us to a study of deformation property for uniform
embeddings over typical metric ends (cf. Section 4.2). The Euclidean space Rn, the hyperbolic space
H
n and any cylinders have the property (LD), since they admit free geometric group actions. Hence
all of their ends also have the property (LD). Since the κ-cone Cκ(S
n−1) of the unit (n − 1)-sphere
S
n−1 with the spherical metric is canonically isometric to Rn for κ = 0 and to Hn for κ = −1 (cf. [1,
p 59]), one can expect that the above results extend to a result on more general cone ends. The next
result follows from the sphere case and the additivity of (LD) (Proposition 4.1).
Theorem 1.2. Suppose (N, d) is a compact Lipschitz metric manifold. Then the κ-cone end Cκ(N, d)1
has the property (LD) when (i) κ = 0 or (ii) κ < 0 and ∂N = ∅.
Here, a Lipschitz metric n-manifold is a metric n-manifold (possibly with boundary) which admits
an atlas in which each chart is a (locally) bi-Lipschitz equivalence onto an open subset of the half
space Rn≥0. For example, any Riemannian manifold is a Lipschitz metric manifold.
Next we study basic behaviour of the property (ED). In [9] we deduced the property (ED) in
Euclidean ends from the property (LD). This extends to the next form (Example 5.1).
Proposition 1.1. Suppose (N, d) is a compact metric manifold. Then the 0-cone end C0(N, d)1 has
the property (ED) if it has the property (LD).
In particular, if (N, d) is a compact Lipschitz metric manifold, then C0(N, d)1 has the property
(ED). In [9] we showed that if (M,d) is a metric manifold with finitely many Euclidean ends, then the
group Hub (M,d) of bounded uniform homeomorphisms of (M,d) endowed with the uniform topology
admits a strong deformation retraction onto the subgroup of Hub (M,d) consisting of bounded uniform
homeomorphisms which are identity over those ends. This result generalizes to the next form.
Theorem 1.3. Suppose (M,d) is a metric manifold and L(1), · · · , L(m) ⊂ M are pairwise disjoint
isolated proper product ends of M such that (L(i), d|L(i)) has the property (ED) and L(i)2 ⊂ IntML(i)
for i = 1, · · · ,m. Let Lr = L(1)r ∪ · · · ∪ L(m)r (r ≥ 1). Then there exists a strong deformation
retraction ϕ of Hub (M,d) onto Hub (M,d;L3) such that
(1) for each (h, t) ∈ Hub (M,d) × [0, 1] (i) ϕt(h) = h on h−1(M − IntML2)− IntML2,
(ii) if h = id on ∂M , then ϕt(h) = id on ∂M ,
(2) for each α > 0 there exists β > 0 such that
ϕ(Hu(idM , α; (M,d)) × [0, 1]) ⊂ Hu(idM , β; (M,d)).
See Sections 2 and 5 for the precise definitions of terminologies used in Theorem 1.3. In Section 5
we obtain a more general end deformation theorem for uniform embeddings (Theorem 5.1).
We also study some properties of uniform isotopies from the viewpoint of deformation of uniform
homeomorphisms. We can interpret (local) contractibility of the group Hub (X, d) of bounded uniform
homeomorphisms of a metric space (X, d) in terms of a continuous selection of uniform isotopies on
(X, d) (Corollary 6.1). As a typical example, we discuss basic properties of Alexander isotopies in the
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κ-cone Cκ(X, d) (κ ≤ 0) over a compact metric space (X, d). First we note that Alexander isotopies
only provide a continuous selection of levelwise bounded isotopies on Cκ(X, d), that is, a contraction
of Hb(Cκ(X, d)) in the sense of [7]. So, it is worth investigating the proper subset G consisting of
h ∈ H(Cκ(X, d)) such that the Alexander isotopy of h is a uniform isotopy on Cκ(X, d). It is shown
that G is a maximal subgroup of Hub (Cκ(X, d)) on which Alexander isotopies induce a contraction in
the usual sense and that G includes the subgroup H0(Cκ(X, d)) of homeomorphisms asymptotic to id
at ∞ (Propositions 7.1, 7.2).
This paper is organized as follows. Section 2 includes basics on metric spaces and uniform em-
beddings. In Section 3 we study formal behaviour of the property (LD) with respect to restriction,
union, ends and uniform equivalence. In Sections 4 we discuss some examples of metric manifolds
with the property (LD), including metric manifolds with locally geometric group actions (Section 4.1),
the ends of Euclidean space, hyperbolic space and cylinders (Section 4.2) and the κ-cone ends over
compact Lipschitz metric manifolds (Section 4.3). Section 5 is devoted to a study of basic behaviour
of the property (ED) and the proof of Theorems 1.3 and 5.1. Sections 6 and 7 include results on
uniform isotopies and Alexander isotopies.
2. Metric spaces and uniform embeddings
This section includes basics on metric spaces and uniform embeddings needed in this paper.
2.1. Conventions.
In this article, maps between topological spaces are always assumed to be continuous. For a
topological space X and a subset A of X, the symbols IntXA, clXA and FrXA denote the topological
interior, closure and frontier of A in X. Let K(X) denote the collection of all compact subsets of X.
As usual, any metric space (X, d) is given the topology τd induced by the metric d, and a metric
on a topological space (Y, τ) means a metric d on the set Y with τd = τ . (Frequently, the symbols d
and τd are omitted when they are understood implicitly.) A metric space is said to be proper if any
bounded closed subset is compact.
Suppose (X, d) is a metric space. The metric of any subset A of X is given by the restriction
d|A of the metric d to A. The distance between two subsets A and B of X is defined by d(A,B) =
inf{d(a, b) | a ∈ A, b ∈ B}. For x ∈ X and ε ∈ [0,∞] let Oε(x) and Bε(x) denote the open and closed
ε-neighborhood of x in (X, d) respectively (i.e., Oε(x) = {y ∈ X | d(x, y) < ε}, Bε(x) = {y ∈ X |
d(x, y) ≤ ε}, O∞(x) = X). The open ε-neighborhood of A in (X, d) is defined by
Oε(A) = Oε(A,X) = {x ∈ X | d(x,A) < ε}.
Note that (i) (a) d(x,A) < ε if and only if d(x, a) < ε for some a ∈ A, (b) Oε(Oδ(A)) ⊂ Oε+δ(A) and
(ii) for A ⊂ B ⊂ X (a) Oε(A) ⊂ B ⇐⇒ d(A,X−B) ≥ ε⇐⇒ Oε(X−B) ⊂ X−A, (b) Oε(A) ⊂ Oε(B)
and Oε(A,B) = Oε(A) ∩B. We write A ⊂u B in X and call B a uniform neighborhood of A in X if
Oε(A) ⊂ B for some ε > 0. Note that if A ⊂u B in X, then A ∩ Y ⊂u B ∩ Y in Y for any Y ⊂ X.
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We say that a subset A of X is ε-discrete if d(x, y) ≥ ε for any two distinct points x, y ∈ A and
that A is uniformly discrete if it is ε-discrete for some ε > 0. More generally a family {Fλ}λ∈Λ of
subsets of X is said to be ε-discrete if d(Fλ, Fµ) ≥ ε for any two distinct λ, µ ∈ Λ.
2.2. Maps between metric spaces.
Suppose (X, d) and (Y, ρ) are metirc spaces. A map f : (X, d) → (Y, ρ) is said to be (i) uniformly
continuous if for each ε > 0 there is a δ > 0 such that if x, x′ ∈ X and d(x, x′) < δ then ρ(f(x), f(x′)) <
ε, (ii) coarsely uniform if for each R > 0 there is a S > 0 such that if x, x′ ∈ X and d(x, x′) < R
then ρ(f(x), f(x′)) < S, (iii) Lipschitz if there exists K > 0 such that ρ(f(x), f(x′)) ≤ Kd(x, x′) for
any x, x′ ∈ X. The constant K is called a Lipschitz constant for f . Note that (a) if A ⊂u U ⊂ X
and both f |U and f |X−A are uniformly continuous, then f is also uniformly continuous, (b) if f is
uniformly continuous and A ⊂u B ⊂ Y , then f−1(A) ⊂u f−1(B) ⊂ X and (c) if f is Lipschitz, then
f is both uniformly continuous and coarsely uniform.
A map f : (X, d) → (Y, ρ) is called a uniform (coarsely uniform, Lipschitz) homeomorphism if f
is bijective and both f and f−1 are uniformly continuous (coarsely uniform, Lipschitz, respectively).
(The prefix “bi” is sometimes added to emphasize that f−1 also satisfies the same condition.) A
uniform embedding is a uniform homeomorphism onto its image. A map h : (X, d)→ (Y, ρ) is called
a similarity transformation if h is bijective and there exists K > 0 such that ρ(h(x), h(x′)) = Kd(x, x′)
for any x, x′ ∈ X.
In [9] we introduced the notion of metric covering projections as a natural metric version of Rie-
mannian coverings in the smooth category. For the basics on covering spaces, we refer to [8, Chapter
2, Section 1].
Definition 2.1. A map π : (X, d) → (Y, ρ) is called a metric covering projection if it satisfies the
following conditions:
(∗)1 There exists an open cover U of Y such that for each U ∈ U the inverse π−1(U) is the disjoint
union of open subsets of X each of which is mapped isometrically onto U by π.
(∗)2 For each y ∈ Y the fiber π−1(y) is uniformly discrete in X.
(∗)3 ρ(π(x), π(x′)) ≤ d(x, x′) for any x, x′ ∈ X.
2.3. Metric manifolds.
An n-manifold means a topological n-manifold possibly with boundary. For a manifold M , the
symbols ∂M and IntM denote the boundary and interior of M as a manifold.
A metric n-manifold means an n-manifold with a fixed compatible metric. A basic model is the
simply connected complete Riemannian n-manifold Mnκ with constant sectional curvature κ. For
example, Mnκ = S
n,Rn,Hn for κ = 1, 0,−1 respectively. Here, Rn is the Euclidean n-space with the
standard Euclidean metric d0, H
n is the hyperbolic n-space and Sn = {x ∈ Rn+1 | ‖x‖ = 1} is the
standard unit n-sphere in Rn+1 with the standard spherical metric d1 defined by cos d1(x, y) = 〈x, y〉,
where 〈 , 〉 is the standard Euclidean inner product. Note that Mn±κ is homothetic to Mn±1 for any
κ > 0. Let Rn≥0 = {x ∈ Rn | xn ≥ 0} denote the closed half space in Rn with the standard metric d0.
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Definition 2.2. A Lipschitz metric n-manifold is a metric n-manifold (M,d) which satisfies the
following condition:
(♮) For each point x ∈M there exists an open neighborhood U of x in M and an open subset V
of Rn≥0 such that (U, d|U ) is bi-Lipschitz homeomorphic to (V, d0|V ).
Any Riemannian manifold with the induced path-length metric is a Lipschitz metric manifold.
2.4. Spaces of uniform embeddings.
Suppose (X, d) and (Y, ρ) are metirc spaces. Let C((X, d), (Y, ρ)) denote the space of continuous
maps f : (X, d)→ (Y, ρ). The metric ρ on Y induces the sup-metric ρ˜ on C(X,Y ) defined by
ρ˜(f, g) = sup{ρ(f(x), g(x)) | x ∈ X} ∈ [0,∞].
The topology on C((X, d), (Y, ρ)) induced by this sup-metric ρ˜ is called the uniform topology. Below
the space C((X, d), (Y, ρ)) and its subspaces are endowed with the sup-metric ρ˜ and the uniform
topology, unless otherwise specified. (When we need to emphasize this point, we add the subscript u
as C((X, d), (Y, ρ))u .) For notational simplicity, the metric ρ˜ is denoted by the same symbol ρ. Let
Cu((X, d), (Y, ρ)) denote the subspace consisting of uniformly continuous maps f : (X, d) → (Y, ρ).
For any metric spaces (X1, d1), (X2, d2), (X3, d3) the following map is continuous :
Cu((X1, d1), (X2, d2))× Cu((X2, d2), (X3, d3)) −→ Cu((X1, d1), (X3, d3)) : (f, g) 7−→ gf.
Lemma 2.1. ([9, Lemma 2.5]) Suppose P is a topological space, f : P → C(X1,X2), g : P →
C(X1,X3) are continuous maps and h : P → Cu(X2,X3) is a function. If fp is surjective and
hpfp = gp for each p ∈ P , then h is continuous.
Let H(X, d) denote the group of homeomorphisms h of (X, d) onto itself. This group and its sub-
groups are endowed with the sup-metric and the uniform topology (as the subspaces of C((X, d), (X, d))).
Let Hb(X, d) := {h ∈ H(X, d) | d(h, idX) <∞} (the subgroup of bounded homeomorphisms).
Let Hu(X, d) denote the subgroup of uniform homeomorphisms of (X, d) onto itself. It is a topo-
logical group, while the whole group H(X, d) is not necessarily a topological group under the uniform
topology. We also use the following notations:
Hub (X, d) := Hu(X, d) ∩Hb(X, d), Hu(X, d;C) := {h ∈ Hu(X, d) | h = id on C} for C ⊂ X
and for α > 0 let Hu(idX , α;X, d) denote the open α-neighborhood of idX in Hu(X, d). The group
Hub (X, d) is an open (and closed) subgroup of Hu(X, d), so it includes the connected component of
idX in Hu(X, d). The group Hub (X, d) also includes the subgroups Hc(X, d) ⊂ H0(X, d), where
(a) H0(X, d) = {h ∈ H(X, d) | h : (∗)} (the subgroup of homeomorphisms asymptotic to id):
(∗) : for any ε > 0 there exists K ∈ K(X, d) such that d(h(x), x) < ε (x ∈ X −K),
(b) Hc(X, d) = {h ∈ H(X, d) | supph ∈ K(X, d)} (supph = clX{x ∈ X | h(x) 6= x}).
Note that H0(X, d) is a normal subgroup of Hu(X, d) and Hc(X, d) is a normal subgroup of H(X, d).
For subsets F,C ⊂ X, let Eu(F,X, d;C) denote the space of uniform embeddings
f : (F, d|F )→ (X, d) with f = id on F ∩ C
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with the sup-metric and the uniform topology.
Suppose (M,d) is a metric n-manifold and F,C ⊂ M . An embedding f : F → M is said to
be proper if f−1(∂M) = F ∩ ∂M . Let Eu∗ (F, (M,d);C) denote the subspace of Eu(F, (M,d);C)
consisting of proper uniform embeddings and for α > 0 let Eu∗ (iF , α;F, (M,d);C) denote the open α-
neighborhood of the inclusion map iF : F ⊂M in the space Eu∗ (F, (M,d);C). Let Eu∗ (F, (M,d);C)b =
{f ∈ Eu∗ (F, (M,d);C) | d(f, iF ) <∞}.
By deformations of uniform embeddings we mean the following type of homotopies in spaces of
uniform embeddings:
Definition 2.3. Suppose W is a neighborhood of iF in Eu∗ (F, (M,d);C) and H ⊂ F , D ⊂ C. An
admissible deformation of W over H in Eu∗ (F, (M,d);D) means a homotopy
ϕ :W × [0, 1] −→ Eu∗ (F, (M,d);D)
which satisfies the following conditions:
(1) For each f ∈ W (i) ϕ0(f) = f , (ii) ϕ1(f) = id on H,
(iii) if f = id on F ∩ ∂M , then ϕt(f) = id on F ∩ ∂M (t ∈ [0, 1]).
(2) ϕt(iF ) = iF (t ∈ [0, 1]).
The adjectives “local” and “global” to deformations represent the size of the neighborhood W in
the ambient space Eu∗ (F, (M,d);C) (in other words, the size of α with Eu∗ (iF , α;F, (M,d);C) ⊂ W).
2.5. κ-cones.
First we recall the basics on κ-cones over metric spaces (cf. [1, Chapter I.5]). The cone C(Y ) over
a set Y is defined by C(Y ) =
(
Y × [0,∞))/(Y × {0}), that is, it is obtained from the set Y × [0,∞)
by collapsing the subset Y × {0} to one point. In other words, C(Y ) is the quotient set of the set
Y × [0,∞) under the equivalence relation ∼ defined by
(x, s) ∼ (y, t) if and only if (a) s = t = 0 or (b) s = t > 0 and x = y.
The equivalence class of the point (x, s) is denoted by sx. The distinguished point 0 := 0x is called
the cone point of C(Y ). For sx ∈ C(Y ) and t ∈ [0,∞) the scalor multiplication is defined by
t(sx) = (ts)x. Let
C(Y )+ := C(Y )− {0} and C(Y )r := {ty ∈ C(Y ) | t ≥ r} (r ≥ 0).
Any function f : Y → Y ′ induces the associated function
C(f) : C(Y )→ C(Y ′) : C(f)(ty) = tf(y).
Suppose (Y, d) is a metric space. The metric dπ on Y is define by
dπ(x, y) := min{d(x, y), π} (x, y ∈ Y ).
Definition 2.4. For κ ≤ 0, the κ-cone Cκ(Y, d) over (Y, d) is the metric space (C(Y ), d˜κ), where the
metric d˜κ on C(Y ) is defined by the following formula:
(i) for κ = 0 : d˜κ(sx, ty)
2 = s2 + t2 − 2st cos dπ(x, y),
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(ii) for κ < 0 : cosh(
√−κ d˜κ(sx, ty))
= cosh(
√−κ s) cosh(√−κ t)− sinh(√−κ s) sinh(√−κ t) cos dπ(x, y).
The κ-cone end over (Y, d) means the subspaces Cκ(Y, d)r = (C(Y )r, d˜κ) (r > 0) of the κ-cone
Cκ(Y, d). Let Cκ(Y, d)+ := (C(Y )+, d˜κ).
Example 2.1. (cf. [1, Proposition 5.8]) Consider the standard unit (n − 1)-sphere Sn−1 in Rn with
the standard spherical metric d1. Then, the κ-cone Cκ(S
n−1) is isometric to Mnκ for κ ≤ 0. An
isometry ϕ : Cκ(S
n−1) ≈Mnκ is obtained by
ϕ(ty) = expo(ty) (ty ∈ Cκ(Sn−1)),
where o is any fixed point of Mnκ , expo : ToM
n
κ → Mnκ is the exponential map and Sn−1 is identified
to the unit sphere S(ToM
n
κ ) in the tangent space ToM
n
κ . Consider the closed half space R
n
≥0 = {x ∈
R
n | xn ≥ 0} and the closed upper half (n − 1)-sphere Sn−1≥0 = {x ∈ Sn−1 | xn ≥ 0}. For κ = 0, with
taking o the origin of Rn, we have an isometry of pairs, ϕ : (C0(S
n−1), C0(Sn−1≥0 )) ≈ (Rn,Rn≥0).
Remark 2.1.
(1) Consider the functions λκ : R→ R (κ ≤ 0) defined by λκ(u) =

u
2 (κ = 0)
sinh
(√−κ
2 u
)
(κ < 0).
(i) λκ is a diffeomorphism which is a monotonically increasing odd function (so λκ(0) = 0).
(ii) Kλκ(u) ≤ λκ(Ku) for K ≥ 1 and u ≥ 0.
We use the abbreviation: λ2κ(u) = (λκ(u))
2.
(2) Using the function λκ, we have the following equalities for the metric d˜κ (κ ≤ 0):
(i) λ2κ(d˜κ(sx, ty)) = λ
2
κ(s− t) + λκ(2s)λκ(2t) sin2 12 dπ(x, y) (sx, ty ∈ C(Y )).
(ii) (a) d˜κ(sy, ty) = |s− t| ≤ d˜κ(sx, ty) and (b) λκ(d˜κ(tx, ty)) = λκ(2t) sin 12 dπ(x, y).
(3) If u, v ∈ [0, π/2], K ≥ 1 and v ≤ Ku, then sin v ≤ K sinu.
Remark 2.2. (1) The projection q : (Y, τd) × [0,∞) → Cκ(Y, d) is continuous and its restriction
q : Y × (0,∞)→ Cκ(Y, d)+ is a homeomorphism. When (Y, d) is compact, the map q : Y × [0,∞)→
Cκ(Y, d) is a quotient map so that the topology on C(Y ) induced from the metric d˜κ coincides with
the quotient topology induced from Y × [0,∞).
(2) The scalor multiplication Cκ(Y, d) × [0,∞) ∋ (u, t) 7→ tu ∈ Cκ(Y, d) is continuous.
Suppose f : (Y, d) → (Y ′, d′) is a map between metric spaces. Then, for any κ ≤ 0 the κ-cone
extension Cκ(f) ≡ C(f) : Cκ(Y, d)→ Cκ(Y ′, d′) is also continuous. If K ≥ 1 and f : (Y, d)→ (Y ′, d′)
is K-Lipschitz, then so is the map fπ ≡ f : (Y, dπ)→ (Y ′, d′π).
Lemma 2.2. The following conditions are equivalent.
(1) fπ is Lipschitz. (2) Cκ(f) is Lipschitz. (3) Cκ(f) is uniformly continuous.
Proof. (1) ⇒ (2): The map fπ is K-Lipschitz for some K ≥ 1, that is,
d′π(f(x), f(y)) ≤ Kdπ(x, y) (x, y ∈ Y ).
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For any sx, ty ∈ C(Y ) with s ≤ t, from Remark 2.1 it follows that
(i) d˜′κ(sf(y), tf(y)) = |s− t| ≤ d˜κ(sx, ty), (ii) d˜κ(sx, sy) ≤ d˜κ(sx, ty) and
(iii) d˜′κ(sf(x), sf(y)) ≤ Kd˜κ(sx, sy), since
λκ(d˜′κ(sf(x), sf(y))) = λκ(2s) sin 12 d
′
π(f(x), f(y))
≤ λκ(2s)K sin 12 dπ(x, y) = Kλκ(d˜κ(sx, sy)) ≤ λκ(Kd˜κ(sx, sy)).
Therefore, we have
d˜′κ(sf(x), tf(y)) ≤ d˜′κ(sf(x), sf(y)) + d˜′κ(sf(y), tf(y))
≤ Kd˜κ(sx, sy) + d˜κ(sx, ty) ≤ (K + 1)d˜κ(sx, ty).
(3) ⇒ (1): Conversely, suppose f : (Y, dπ) → (Y ′, d′π) is not Lipschitz. Since Cκ(f) is uniformly
continuous, for ε = 1 there exists δ > 0 such that
d˜′κ(sf(x), tf(y)) < 1 for any sx, ty ∈ Cκ(Y, d) with d˜κ(sx, ty) ≤ δ.
Let K := λκ(1)λκ(δ) > 0. Since lim
a → 0
sin 2Ka
sin a = 2K, there exists a0 ∈ (0, 1] such that sin 2Kasin a > K for any
a ∈ (0, a0].
Take L > 2K such that πL < a0. Since f : (Y, dπ)→ (Y ′, d′π) is not L-Lipschitz, there exist x, y ∈ Y
such that d′π(f(x), f(y)) > Ldπ(x, y). Since d′π(f(x), f(y)) ≤ π, for a := 12 dπ(x, y), it follows that
0 < a < dπ(x, y) ≤ πL ≤ a0 and
sin 12 d
′
π(f(x), f(y)) ≥ sinLa > sin 2Ka > K sin a = K sin 12 dπ(x, y).
Take t > 0 such that λκ(2t) sin
1
2 dπ(x, y) = λκ(δ). Then d˜κ(tx, ty) = δ, but d˜
′
κ(tf(x), tf(y)) > 1
since
λκ(d˜κ(tx, ty)) = λκ(2t) sin
1
2 dπ(x, y) = λκ(δ) and
λκ(d˜′κ(tf(x), tf(y))) = λκ(2t) sin 12 d
′
π(f(x), f(y))
> Kλκ(2t) sin
1
2 dπ(x, y) = Kλκ(δ) = λκ(1).
This contradiction completes the proof. 
3. Local deformation property for uniform embeddings
In this section we formulate a notion of local deformation property for uniform embeddings (LD)
and study its basic behaviour. Throughout this section (M,d) and (M ′, d′) denote metric manifolds.
3.1. Definition and basic properties.
Definition 3.1.
(1) An admissible tuple in (M,d) is a tuple (X,W ′,W,Z, Y ) such that X ⊂u W ′ ⊂W ⊂M and
Z ⊂u Y ⊂M . Let S(M,d) denote the collection of all admissible tuples in (M,d).
(2) An admissible deformation for (X,W ′,W,Z, Y ) ∈ S(M,d) is an admissible deformation
ϕ :W × [0, 1] −→ Eu∗ (W,M, d;Z)
10 TATSUHIKO YAGASAKI
of a neighborhood W of iW in Eu∗ (W,M, d;Y ) over X (in the sense of Definition 2.3) such
that for each (f, t) ∈ W × [0, 1]
(i) ϕt(f) = f on W −W ′ and (ii) ϕt(f)(W ) = f(W ).
Definition 3.2. (LD)
(1) For X ∈ S(M,d) (LD)(M,d)(X ) ⇐⇒ There exists an admissible deformation for X .
(2) (M,d) : (LD) ⇐⇒ (LD)(M,d)(X ) for any X ∈ S(M,d)
(3) For A ⊂M A : (LD)(M,d) (or A : (LD) in (M,d))
⇐⇒ (LD)(M,d)(X ) for any X = (X,W ′,W,Z, Y ) ∈ S(M,d) with X ⊂ A
We also use the following additional notations.
(4) For X ⊂M
(LD)(M,d)(X) ⇐⇒ (LD)(M,d)(X ) for any X = (X,W ′,W,Z, Y ) ∈ S(M,d)
Note that (i) (M,d) : (LD) ⇐⇒ M : (LD)(M,d) and (ii) A : (LD)(M,d) ⇐⇒ (LD)(M,d)(X) for
any X ⊂ A.
Example 3.1.
(1) The local deformation theorem by A.V. Cˇernavski˘ı ([2]) and R.D. Edwards - R.C. Kirby ([3,
Theorem 5.1]) is restated as follows: Any relatively compact subset K of M has the property
(LD)(M,d).
(2) A metric manifold (M,d) has the property (LD) if it admits a metric covering projection
π : (M,d)→ (N, ρ) onto a compact metric manifold (N, ρ) ([9, Theorem 1.1]).
The condition (LD) has the following basic properties.
Proposition 3.1.
(1) Suppose h : (M,d) ≈ (M ′, d′) is a uniform homeomorphism. Then (i) for any A ⊂M
A : (LD)(M,d) ⇐⇒ h(A) : (LD)(M ′,d′) and (ii) (M,d) : (LD) ⇐⇒ (M ′, d′) : (LD)
(2) (i) Suppose A ⊂ B ⊂M . Then B : (LD)(M,d) =⇒ A : (LD)(M,d).
(ii) Suppose A ⊂u N ⊂M and N is an n-manifold. Then,
A : (LD)(N,d|N ) ⇐⇒ A : (LD)(M,d).
(3) (i) Suppose A ⊂u U ⊂M and B ⊂M . Then U , B : (LD)(M,d) =⇒ A ∪B : (LD)(M,d).
(ii) If A1, · · · , Am ⊂M and each Ai admits a uniform neighborhood which satisfies (LD)(M,d),
then
⋃m
i=1Ai satisfies (LD)(M,d).
(4) Suppose K is a relatively compact subset of M . Then, for any A ⊂M
A : (LD)(M,d) ⇐⇒ A ∪K : (LD)(M,d).
(5) If (M,d) : (LD) (or more generally (LD)(M,d)(M,M,M, ∅, ∅) holds), then Hu(M,d) and
Hu(M,∂M) are locally contractible.
For n-submanifolds of M we have the following conclusions.
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Corollary 3.1.
(1) Suppose M = A ∪B, A, B are n-manifolds and A−B ⊂u A. Then,
(A, d|A), (B, d|B) : (LD) =⇒ (M,d) : (LD).
(2) Suppose L ⊂M , L is a n-manifold and M − L is relatively compact in M . Then
(i) (L, d|L) : (LD) =⇒ (M,d) : (LD),
(ii) if L is closed in M , then (M,d) : (LD) =⇒ (L, d|L) : (LD)
(3) Suppose M = K ∪⋃mi=1 Li, K is compact, each Li is an n-manifold and d(Li, Lj) > 0 for any
i 6= j. Then,
(i) (Li, d|Li) : (LD) (i = 1, · · · ,m) =⇒ (M,d) : (LD),
(ii) if each Li is closed in M , then (M,d) : (LD) =⇒ (Li, d|Li) : (LD) (i = 1, · · · ,m).
Example 3.2. (Ends of manifolds)
(1) Suppose (M,d) is a connected metric n-manifold and N is a compact n-submanifold of M .
We assume that FrMN is locally flat and transversal to ∂M so that FrMN is a proper (n − 1)-
submanifold of M and L = clM (M − N) is also an n-submanifold of M . Then, L has only finitely
many connected components K1, · · · ,Kk, L1, · · · , Ll, where Ki’s are compact and Lj ’s are non-
compact. The enlargement N1 = N ∪
( ∪ki=1 Ki) is also a compact n-submanifold of M (which is
connected if N is connected) and M = N1 ∪
( ∪lj=1 Lj). From Corollary 3.1 (3) it follows that,
whenever d(Li, Lj) > 0 for any i 6= j,
M : (LD) ⇐⇒ Lj : (LD) (j = 1, · · · , l).
(2) Suppose N is a compact n-manifold with nonempty boundary and Ci (i = 1, · · · ,m) is a
non-empty collection of connected components of the boundary ∂N . For each Ci take a collar Ei =
Ci × [0, 1] of Ci = Ci × {1} in N such that Ei ∩ Ej = ∅ (i 6= j). Consider the non-compact
n-manifold M = N − ∪i=1Ci. The ends of M are in 1-1 correspondence with the product ends
Li := Ei − Ci = Ci × [0, 1) (i = 1, · · · ,m). Suppose M is equipped with a metric d such that
d(Li, Lj) > 0 for any i 6= j. Then M : (LD) if and only if each Li : (LD).
Example 3.3. (Boundary collars)
Suppose (M,d) is a metric n-manifold and N ⊂M is an n-manifold. Then (N, d|N ) : (LD) if M :
(LD) and there exists a collar E = ∂N × [0, 3] of ∂N = ∂N × {0} in N such that
(i) (E, d|E) : (LD) and
(ii) ∂N × [0, 1] ⊂u ∂N × [0, 2] ⊂u E in N and N − (∂N × [0, 1)) ⊂u N in M .
In fact, we can write N = E1 ∪ F , where Er = ∂N × [0, r] (0 < r ≤ 3) and F = N − (∂N × [0, 1)).
Since M : (LD) and F ⊂u N ⊂ M , it follows that F : (LD) in M and in N . On the other hand,
since E : (LD) and E2 ⊂u E ⊂ N , we have E2 : (LD) in E and in N . Since E1 ⊂u E2 ⊂ N , by
Proposition 3.1(3)(i) N = E1 ∪ F : (LD) in N .
3.2. Proof of Proposition 3.1.
Lemma 3.1. Suppose X = (X,W ′,W,Z, Y ) ∈ S(M,d).
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(1) Suppose (LD)(M,d)(X ) holds.
(i) If W ′ ⊂W ′1 ⊂W ⊂M , then (LD)(M,d)(X,W ′1,W,Z, Y ) holds.
(ii) If W ′ ⊂u W ⊂W1 ⊂M , then (LD)(M,d)(X,W ′,W1, Z, Y ) holds.
(iii) If Z1 ⊂ Z and Y ⊂ Y1 ⊂M , then (LD)(M,d)(X,W ′,W,Z1, Y1) holds.
(2) Suppose W ⊂u N ⊂M and N is an n-manifold. Then
(i) X|N := (X,W ′,W,Z ∩N,Y ∩N) ∈ S(N, d|N ) and
(ii) (LD)(N,d|N )(X|N ) ⇐⇒ (LD)(M,d)(X ).
(3) Suppose h : (M,d) ≈ (M ′, d′) is a uniform homeomorphism. Then
(i) h(X ) := (h(X), h(W ′), h(W ), h(Z), h(Y )) ∈ S(M ′, d′) and
(ii) (LD)M (X ) ⇐⇒ (LD)M ′(h(X )).
Proof. (1) By the assumption (LD)M (X ) we have a neighborhood W = Eu∗ (iW , γ,W,M ;Y ) of iW in
Eu∗ (W,M ;Y ) and an admissible deformation ϕ : W × [0, 1] −→ Eu∗ (W,M ;Z) for X . In each of the
cases (i), (ii) and (iii) the required admissible deformation (W1, ψ) is defined as follows:
(i) Let (W1, ψ) = (W, ϕ).
(ii) Let W1 := Eu∗ (iW1 , γ;W1,M ;Y ) and define ψ by
ψ :W1 × [0, 1] −→ Eu∗ (W1,M ;Z) : ψt(f) =
{
ϕt(f |W ) on W
f on W1 −W ′.
One can easily check that ψ is well-defined and satisfies the admissibility condition. The uniform
continuity of ψt(f) follows from those of ϕt(f |W ) and f and W1 −W ⊂u W1 −W ′ ⊂ W1. For the
inverse map ψt(f)
−1 : f(W1)→W1, consider the factorization ψt(f)−1 = (ψt(f)−1f)f−1. Since
ψt(f)
−1f =
{
ϕt(f |W )−1f |W on W
id on W1 −W ′,
the uniform continuity of ψt(f)
−1f and ψt(f)−1 follows from those of ϕt(f |W )−1, f and f−1.
(iii) Since Eu∗ (W,M ;Y1) ⊂ Eu∗ (W,M ;Y ) and Eu∗ (W,M ;Z) ⊂ Eu∗ (W,M ;Z1), we can define (W1, ψ)
by W1 =W ∩ Eu∗ (W,M ;Y1) and
ψ :W1 × [0, 1] −→ Eu∗ (W,M ;Z1) : ψt(f) = ϕt(f)
(2)(i) In general, if f : (M ′, d′)→ (M,d) is a uniformly continuous map, then
f−1(X ) = (f−1(X), f−1(W ′), f−1(W ), f−1(Z), f−1(Y )) ∈ S(M ′, d′).
(ii) SinceW ⊂u N , we have Oε(W ) ⊂ N for some ε > 0. Note that Oε(W )∩∂N = Oε(W )∩∂M (=
∂Oε(W )) and W ∩ ∂N =W ∩ ∂M . The inclusion iN : N ⊂M induces the isometry
iN ∗ : Eu∗ (iW , ε,W,N) ∼= Eu∗ (iW , ε,W,M) : iN ∗(f) = iNf.
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Under this isometry the correspondence between an admissible deformation ϕ for X and an admissible
deformation ψ for X|N is described in the following diagram:
Eu∗ (iW , δ,W,M ;Y )
ϕt
// Eu∗ (iW , ε,W,M ;Z) ⊂ // Eu∗ (W,M ;Z)
Eu∗ (iW , δ,W,N ;Y ∩N) ψt
//
iN ∗ ∼=
OO
Eu∗ (iW , ε,W,N ;Z ∩N)
iN ∗∼=
OO
⊂
// Eu∗ (W,N ;Z ∩N)
(3)(ii) The uniform homeomorphism h induces a homeomorphism
h# : Eu∗ (W,M) ∼= Eu∗ (h(W ),M ′) : h#(f) = hfh−1.
The next diagram represents the correspondence between admissible deformations (W, ϕ) for X and
(W ′, ψ) for h(X ) :
ϕt
Eu∗ (W,M ;Y ) ⊃ W −→ Eu∗ (W,M ;Z)
h#
y ≈ h#y ≈ h#y ≈
Eu∗ (h(W ),M ′;h(Y )) ⊃ W ′ −→ Eu∗ (h(W ),M ′;h(Z)).
ψt
This completes the proof. 
Lemma 3.2. Suppose X ⊂u N ⊂M and N is an n-manifold. Then, (LD)N (X) ⇐⇒ (LD)M (X).
Proof. Since X ⊂u N , there exists ε > 0 with Oε(X) ⊂ N .
(1) (LD)N (X) =⇒ (LD)M (X):
Take any tuple X = (X,W ′,W,Z, Y ) ∈ S(M). Choose δ ∈ (0, ε/2) with O2δ(X) ⊂W ′ and consider
the tuple Y = (X,Oδ(X), O2δ(X), Z, Y ) ∈ S(M). We have (LD)N (Y|N ) by (LD)N (X) and (LD)M (Y)
by Lemma 3.1 (2) and O2δ(X) ⊂u Oε(X) ⊂ N ⊂M . Hence (LD)M (X ) follows from Lemma 3.1 (1).
(2) (LD)M (X) =⇒ (LD)N (X):
Take any tuple Y = (X,W ′,W,Z, Y ) ∈ S(N). There exists δ ∈ (0, ε/2) such that O2δ(X,N) ⊂W ′
and Oδ(Z,N) ⊂ Y . Note that O2δ(X,N) = O2δ(X) ⊂u N and Oδ(Z,N) = Oδ(Z) ∩ N . Consider
the tuple X = (X,Oδ(X), O2δ(X), Z,Oδ(Z)) ∈ S(M). Then, we have (LD)M (X ) by (LD)M (X) and
(LD)N (X|N ) by Lemma 3.1 (2). Hence Lemma 3.1 (1) implies (LD)N (Y) as required. 
Proof of Proposition 3.1.
(1) The assertion follows from Lemma 3.1(3).
(2) The statement (i) is obvious.
(ii) For any X ⊂ A, it follows that X ⊂u N ⊂M and (LD)N (X) ⇐⇒ (LD)M (X) by Lemma 3.2.
(3)(i) Take any X = (X,W ′,W,Z, Y ) ∈ S(M,d) with X ⊂ A∪B. We have to find a neighborhood
W of iW in Eu∗ (W,M ;Y ) and an admissible deformation ϕ :W× [0, 1] −→ Eu∗ (W,M ;Z) for X . There
exists ε > 0 such that O2ε(A) ⊂ U , O2ε(X) ⊂W ′ and O2ε(Z) ⊂ Y .
(a) Let X1 = Oε(X ∩ A) and Z1 = Oε(Z). Then, Y = (X1,W ′,W,Z1, Y ) ∈ S(M,d) and X1 ⊂
U . Since U : (LD)M , there exists a neighborhoodd W1 of iW in Eu∗ (W,M ;Y ) and an admissible
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deformation for Y,
ψ :W1 × [0, 1] −→ Eu∗ (W,M ;Z1).
(b) Let X2 = X ∩B, Z2 = Z ∪ (X ∩A) and Y2 = Z1 ∪X1. Then Oε(Z2) = Oε(Z) ∪Oε(X ∩A) =
Z1∪X1 = Y2, so that Z = (X2,W ′,W,Z2, Y2) ∈ S(M,d) and X2 ⊂ B. Since B : (LD)M , there exists
a neighborhood W2 of iW in Eu∗ (W,M ;Y2) and an admissible deformation for Z,
χ :W2 × [0, 1] −→ Eu∗ (W,M ;Z2).
Since ψ1(f) = id on (W ∩ Z1) ∪X1 =W ∩ Y2 for any f ∈ W1, we have the map
ψ1 :W1 → Eu∗ (W,M ;Y2).
Since ψ1(iW ) = iW ∈ W2, we can find a neighborhood W of iW in W1 such that ψ1(W) ⊂ W2.
Finally, the required admissible deformation for X is defined by
ϕ :W × [0, 1] −→ Eu∗ (W,M ;Z) : ϕt(f) =
{
ψ2t(f) (t ∈ [0, 1/2])
χ2t−1(ψ1(f)) (t ∈ [1/2, 1]).
Note that ϕ1(f) = χ1(ψ1(f)) = id on (W ∩ Z2) ∪X2 ⊃ (X ∩A) ∪ (X ∩B) = X.
The statement (ii) follows from (i).
(4) (⇐=): The assertion follows from (2)(i).
(=⇒): Take any compact neighborhood L of clMK in M . Then K ⊂u L and L : (LD)M by
Example 3.1 (1). Thus, A ∪K : (LD)M by (3)(i).
(5) Suppose the tuple (M,M,M, ∅, ∅) ∈ S(M,d) has an admissible deformation (W, ϕ). Then W
is a neighborhood of idM in Eu∗ (M,M) and ϕt :W → Eu∗ (M,M) satisfies the following conditions:
(i) For any f ∈ W (a) ϕ0(f) = f , (b) ϕ1(f) = idM , (c) ϕt(f)(M) = f(M) and
(d) if f = id on ∂M , then ϕt(f) = id on ∂M .
(ii) ϕt(idM ) = idM .
Since Hu(M) ⊂ Eu∗ (M,M), it follows that U := W ∩Hu(M) is a neighborhood of idM in Hu(M)
and ϕt(U) ⊂ Hu(M) by (i)(c). Then, the restriction ϕt : U → Hu(M) is a contraction of U in Hu(M)
rel idM . By (i)(d) this contraction also restricts to a local contraction in Hu(M,∂M). 
Proof of Corollary 3.1.
(1) Let A1 = A−B and take ε > 0 with O3ε(A1) ⊂ A. Since O2ε(A1) ⊂u A ⊂M and A : (LD)A,
it follows that O2ε(A1) : (LD)A and (LD)M . Let B1 = B − Oε(A1). Since Oε(B1) ⊂ B ⊂ M and
B : (LD)B , we have that B1 : (LD)B and (LD)M . Therefore, by Proposition 3.1 (3)(i) it follows that
M = Oε(A1) ∪B1 : (LD)M .
(2) Since K = clM (M − L) is compact, there exists a compact neighborhood C of K in M and
ε > 0 such that Oε(K) ⊂ C. Let L1 = L − C. Since Oε(L1) ⊂ L, C is compact and M = L1 ∪ C,
from Proposition 3.1 (2), (4) it follows that
L : (LD)L =⇒ L1 : (LD)L ⇐⇒ L1 : (LD)M ⇐⇒ M : (LD)M .
When L is closed in M , since C ∩ L is compact and L = L1 ∪ (C ∩ L), it follows that
L : (LD)L ⇐⇒ L1 : (LD)L.
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The conclusions follows from these implications.
(3) Let L =
⋃m
i=1 Li and take ε > 0 such that d(Li, Lj) > ε for any i 6= j. Then, L is an n-manifold
and Oε(Li;L) = Li so Li ⊂u Li ⊂ L (i = 1, · · · ,m). Hence, by Proposition 3.1 (2), (3)
Li : (LD) (i = 1, · · · ,m) ⇐⇒ Li : (LD)L (i = 1, · · · ,m) ⇐⇒ L : (LD).
Since M = K ∪ L and K is compact, from (2) it follows that
(a) L : (LD) =⇒ M : (LD) and (b) if L is closed in M , then M : (LD) =⇒ L : (LD).
The assertions follow from these observations. 
4. Examples
In this section we discuss some examples of metric manifolds with the property (LD).
4.1. Manifolds with geometric group actions.
In this subsection we show that a metric n-manifold has the property (LD) if it admits a locally
geometric group action (Theorem 4.1). We refer to [1, Chapter I.8] for basic facts on geometric group
actions. First we recall some related notions.
Throughout this subsection, X = (X, d) is a locally compact metric space, G is a (discrete) group
and Φ : G ×X → X is a continuous action of G on X. As usual, for g ∈ G and x ∈ X the element
Φ(g, x) ∈ X is denoted by gx. For a point x ∈ X the orbit Gx and the isotropy subgroup Gx of x
are defined by Gx = {gx | g ∈ G} and Gx = {g ∈ G | gx = x} respectively. More generally, for any
subsets H ⊂ G and C ⊂ X let HC = {gx | g ∈ H,x ∈ C} and GC = {g ∈ G | gC = C}. Then, GC
is a subgroup of G and for any (left) coset g ∈ G/GC the subset gC ⊂ X is well-defined.
The action Φ of G on X is called geometric if it is proper, cocompact and isometric. Here, Φ is
(a) proper if {g ∈ G | gF ∩ F 6= ∅} is a finite set for any compact subset F of X, (b) cocompact if
the quotient space X/G is compact, and (c) isometric if each g ∈ G acts on X as an isometry. Note
that (i) the action Φ is cocompact if and only if X = GK for some compact subset K of X and (ii)
if Φ is proper, then (α) if X is separable, then G is a countable group since X is σ-compact, (β) for
any nonempty compact subset C of X the family {gC | g ∈ G} is locally finite and GC is a finite
subgroup of G, so (γ) the orbit Gx is discrete in X for any point x ∈ X.
In this article we work in a slightly more general setting.
Definition 4.1. We say that the action Φ of G on X is
(1) locally isometric if for every x ∈ X there exists ε ∈ (0,∞] such that
(♮)x each g ∈ G maps Oε(x) isometrically onto Oε(gx), and
(2) locally geometric if it is proper, cocompact and locally isometric.
Remark 4.1. For x ∈ X, let rx = sup{ε ∈ [0,∞] | ε : (♮)x} ∈ [0,∞]. Then
(i) rx itself satisfies the condtion (♮)x, so that {ε ∈ [0,∞] | ε : (♮)x} = [0, rx] and
(ii) the action Φ is locally isometric if and only if rx > 0 for each x ∈ X,
(iii) if γ ∈ [0, rx], then Oγ(gx) = gOγ(x) for each g ∈ G and Oγ(Fx) = FOγ(x) for any subset
F ⊂ G.
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Lemma 4.1. Suppose the action Φ is locally geometric and let x ∈ X be any point.
(1) The orbit Gx is uniformly discrete. Hence, there exists ε ∈ (0, rx) such that the orbit Gx is
4ε-discrete.
(2) Let Λ be a complete set of representatives of cosets in G/Gx.
(i) Oε(Gx) is the disjoint union of open subsets Oε(gx) = gOε(x) (g ∈ Λ) and the family
{Oε(gx) | g ∈ Λ} is 2ε-discrete.
(ii) The map π : Oε(Gx)→ Oε(x) defined by
π|Oε(gx) = g−1 : Oε(gx) ∼= Oε(x) for each g ∈ Λ
is a trivial metric covering projection.
(3) In addition, assume that X is a metric n-manifold. Let D be a closed n-disk neighborhood of
x in Oε(x) and δ ∈ (0, ε/2) be such that O2δ(x) ⊂ D. Then Oδ(Gx) = GOδ(x) and it satisfies
the condition (LD)X .
Proof. (1) Since Φ is proper and locally isometric, it follows that rx > 0 and the orbit Gx is discrete.
Hence, there exists δ ∈ (0, rx) such that Oδ(x) ∩ Gx = {x}. Then Gx is δ-discrete. In fact, if
g, h ∈ G and gx 6= hx, then g−1hx 6= x so that g−1hx 6∈ Oδ(x). Since δ ∈ (0, rx), it follows that
gOδ(x) = Oδ(gx) and so hx 6∈ Oδ(gx).
(2) (i) For any distinct g, h ∈ Λ it follows that gx 6= hx, so d(gx, hx) ≥ 4ε since Gx is 4ε-discrete,
hence d(Oε(gx), Oε(hx)) ≥ 2ε.
(ii) Since ε ∈ (0, rx), each g ∈ Λ induces an isometry g : Oε(x) ∼= Oε(gx). Hence, the restriction
π|Oε(gx) = g−1 : Oε(gx) ∼= Oε(x) is a well-defined isometry. For each y ∈ Oε(x) the fiber of y is given
by π−1(y) = Λy. Since {Oε(gx) | g ∈ Λ} is 2ε-discrete and gy ∈ Oε(gx) for each g ∈ Λ, it follows
that π−1(y) is also 2ε-discrete.
For any y, y′ ∈ Oε(Gx) we have d(π(y), π(y′)) ≤ d(y, y′). In fact, if y, y′ ∈ Oε(gx) for some g ∈ Λ,
then d(π(y), π(y′)) = d(y, y′) since π|Oε(gx) is an isometry, and if y ∈ Oε(gx) and y′ ∈ Oε(hx) for
some distinct g, h ∈ Λ, then d(π(y), π(y′)) ≤ diamOε(x) ≤ 2ε ≤ d(Oε(gx), Oε(hx)) ≤ d(y, y′).
(3) Since δ ∈ (0, rx), we have Oδ(Gx) = GOδ(x). Let N = π−1(D). Since the restriction π :
N → D is also a metric covering projection, it follows that N is an n-manifold and satisfies (LD) by
Example 3.1 (2). Since O2δ(x) ⊂ D and 2δ ∈ (0, rx), we have
O2δ(Gx) = O2δ(Λx) = ΛO2δ(x) ⊂ ΛD = N.
Then, by Proposition 3.1 (2) Oδ(Gx) satisfies the condition (LD)N and hence (LD)X . 
Theorem 4.1. A metric manifold has the property (LD) if it admits a locally geometric group action.
Proof. Suppose a metric manifold (M,d) admits a locally geometric group action Φ : G × M →
M . By Lemma 4.1 (3) and Remark 4.1 (iii) for each point x ∈ M there exists ε(x) > 0 such that
Oε(x)(Gx) = GOε(x)(x) and O2ε(x)(Gx) : (LD)M . Since the group action is cocompact, M = GK for
some compact subset K ⊂ M and there exist finitely many points x1, · · · , xm ∈ K such that K ⊂
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∪mi=1Oε(xi)(xi). Then M = GK = ∪mi=1Oε(xi)(Gxi) and, since O2ε(xi)(Gxi) : (LD)M for i = 1, · · · ,m,
Proposition 3.1 (3) (ii) implies that M : (LD). This completes the proof. 
4.2. Typical metric ends.
Example 4.1. (Euclidean ends)
(1) The Euclidean space Rn with the standard Euclidean metric admits the canonical geometric
action of Zn (and the associated Riemannian covering projection π : Rn → Rn/Zn onto the flat torus).
Therefore, Rn has the property (LD).
(2) The half space Rn≥0 = {x ∈ Rn | xn ≥ 0} also has the property (LD). This follows from
Example 3.3. In fact, Rn : (LD) and the boundary collar E = Rn−1 × [0, 3] of Rn≥0 also has the
property (LD) since it admits the geometric action of Zn−1 defined by
m · (y, z) = (y +m, z) (m ∈ Zn−1, (y, z) ∈ E).
(3) By Corollary 3.1 (2) the Euclidean ends Rn − Or(0) (r > 0) and the half Euclidean ends
R
n
≥0 −Or(0) (r > 0) have the property (LD).
Example 4.2. (Hyperbolic ends)
(1) The Hyperbolic space Hn admits a Riemannian covering projection onto a closed hyperbolic
manifold. Hence, Hn has the property (LD). For any κ < 0, the space formMnκ has the property (LD),
since it is homothetic to Hn. By Corollary 3.1 (2) the hyperbolic ends Mnκ − Or(o) (o ∈ Mnκ , r > 0)
also have the property (LD).
(2) Consider any horosphere Σ of Hn. Let D and E denote the interior and exterior of Σ. Then
D = Σ ∪ D and E = Σ ∪ E have the property (LD). Hence, the ends D − Or(o) and E − Or(o)
(o ∈ Hn, r > 0) also have the property (LD), whenever they are n-manifolds. (The exceptional case
appears when Or(o) touches Σ in D and E respectively.)
To see this, consider the upper half space model of Hn (cf. [6, §4.6.]), in which the underlying
space is Rn>0 := {x ∈ Rn | xn > 0} = Rn−1 × (0,∞) and the metric d is given by
cosh d(x, y) = 1 +
|x− y|2
2xnyn
(x, y ∈ Rn>0).
Then, it suffices to examine the horosphere Σ1 := {x ∈ Rn | xn = 1}, since any horosphere Σ of Hn
admits an isometry h of Hn with h(Σ) = Σ1.
The interior and exterior of Σ1 are given by D1 = R
n−1×(1,∞) and E1 = Rn−1×(0, 1). The claim
D1 : (LD) follows from Example 3.3. In fact, H
n : (LD) and the collar Rn−1×[1, 4] of Σ1 = Rn−1×{1}
in D1 = R
n−1× [1,∞) has the property (LD) since it admits the geometric action of Zn−1 defined by
m · (y, z) = (y +m, z) (m ∈ Zn−1, (y, z) ∈ Rn−1 × [1, 4]).
The condition (ii) in Example 3.3 follows from the fact that
cosh d(Rn−1 × {r},Rn−1 × {s}) = 1 + (r − s)
2
2rs
(r, s > 0).
A similar argument shows that E1 : (LD).
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Example 4.3. (Cylindrical ends)
Suppose (N, ρ) is a compact metric n-manifold.
(1) The cylinder over (N, ρ) is the metric space (M,d), where M = N × R and the metric d is
defined by
d((x, s), (y, t)) =
√
ρ(x, y)2 + |s− t|2 ((x, s), (y, t) ∈M).
The group Z acts on (M,d) geometrically by
m · (x, s) = (x, s +m) ((x, s) ∈M,m ∈ Z).
Therefore, the cylinder (M,d) has the property (LD).
(2) The cylindrical end over (N, ρ) is the half product N × [0,∞) with the metric d defined in (1).
It has the property (LD) by (1) and Corollary 3.1 (3).
In Example 3.2 (2), if each (Li, d) is an end of either Euclidean, hyperbolic or cylindrical type, then
M has the property (LD).
4.3. The κ-cone ends (κ ≤ 0) over compact Lipschitz metric manifolds.
In this subsection we extend the results in Examples 4.1 and 4.2 to the case of κ-cone ends (κ ≤ 0)
over compact Lipschitz metric manifolds.
By Example 2.1 the κ-cone Cκ(S
n) is isometric to Mn+1κ for κ ≤ 0 and C0(Sn≥0) is isometric to
R
n+1
≥0 . Examples 4.1, 4.2 imply the following basic conclusion.
Lemma 4.2. (1) The 0-cones C0(S
n), C0(S
n
≥0) and their ends C0(S
n)r,C0(S
n
≥0)r (r > 0) have the
property (LD).
(2) For any κ < 0, the κ-cone Cκ(S
n) and its ends Cκ(S
n)r (r > 0) have the property (LD).
Below we extend this Sn-case to the case of any compact Lipschitz metric manifold.
Lemma 4.3. (1) Suppose K ⊂ V ⊂ Rn≥0, K is compact and V is open. Then C0(K)1 : (LD) in
C0(V )
×.
(2) Suppose K ⊂ V ⊂ Rn, K is compact and V is open. Then, Cκ(K)1 : (LD) in Cκ(V )× for
any κ < 0.
Proof. (1) Choose r > 0 such that K ⊂u B ≡ {x ∈ Rn≥0 | ‖x‖ ≤ r} ⊂ Rn≥0 and let ∂−B := {x ∈
B | xn = 0}. Consider the closed n-disk with corner, C ≡ {y ∈ Sn≥0 | y1 ≥ 0} in Sn≥0 and let
∂−C ≡ {y ∈ C | yn+1 = 0}. There exists a diffeomorphism h : (B, ∂−B) ≈ (C, ∂−C). Let L = h(K).
Since h is a Lipschitz homeomorphism, by Lemma 2.2 we have a Lipschitz homeomorphism of pairs,
C(h) : (C0(B)
×, C0(K)1) ≈ (C0(C)×, C0(L)1).
By Lemma 4.2 (1) C0(S
n
≥0) : (LD). Since L ⊂u C ⊂ Sn≥0 and C0(L)1 ⊂u C0(C)× ⊂ C0(Sn≥0), we
have C0(L)1 : (LD) in C0(S
n
≥0) and in C0(C)
×. Hence, by Proposition 3.1 (1) C0(K)1 : (LD) in
C0(B)
×. Then, C0(K)1 : (LD) in C0(Rn≥0)
× and in C0(V )×, since C0(K)1 ⊂u C0(B)× ⊂ C0(Rn≥0)×
and C0(K)1 ⊂u C0(V )× ⊂ C0(Rn≥0)×.
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(2) The argument is same as (1) with using Lemma 4.2 (2). Choose r > 0 such that K ⊂u B ≡
{x ∈ Rn | ‖x‖ ≤ r} ⊂ Rn. Let C := Sn≥0 ⊂ Sn. Take a diffeomorphism h : B ≈ C and let L = h(K).
Since h is a Lipschitz homeomorphism, by Lemma 2.2 we have a Lipschitz homeomorphism of pairs,
C(h) : (Cκ(B)
×, Cκ(K)1) ≈ (Cκ(C)×, Cκ(L)1).
By Lemma 4.2 (2) Cκ(S
n) : (LD). Since L ⊂u C ⊂ Sn and Cκ(L)1 ⊂u Cκ(C)× ⊂ Cκ(Sn), we
have Cκ(L)1 : (LD) in Cκ(S
n) and in Cκ(C)
×. Hence, by Proposition 3.1 (1) Cκ(K)1 : (LD) in
Cκ(B)
×. Then, Cκ(K)1 : (LD) in Cκ(Rn)× and in Cκ(V )×, since Cκ(K)1 ⊂u Cκ(B)× ⊂ Cκ(Rn)×
and Cκ(K)1 ⊂u Cκ(V )× ⊂ Cκ(Rn)×. 
Proposition 4.1. Suppose (N, d) is a compact Lipschitz metric manifold. Then, the κ-cone end
Cκ(N, d)1 has the property (LD) when (i) κ = 0 or (ii) κ < 0 and ∂N = ∅.
Proof. For each x ∈ N there exists a Lipschitz homeomorphism hx : Ux ≈ Vx between an open
neighborhood Ux of x in N and an open subset Vx of R
n
≥0. (Note that Vx ⊂ Rn>0 in the case (ii).)
Take a compact neighborhood Dx of x in Vx and let Ex := hx(Dx). By Lemma 2.2 hx induces a
Lipschitz homeomorphism of pairs
C(hx) : (Cκ(Ux)
×, Cκ(Dx)1) ≈ (Cκ(Vx)×, Cκ(Ex)1).
By Lemma 4.3 Cκ(Ex)1 : (LD) in Cκ(Vx)
× and by Proposition 3.1 (1) we have Cκ(Dx)1 : (LD) in
Cκ(Ux)
×. Since Cκ(Dx)1 ⊂u Cκ(Ux)× ⊂ Cκ(N)×, it follows that Cκ(Dx)1 : (LD) in Cκ(N)×.
For each x ∈ N take a compact neighborhood Cx of x in IntNDx. Since Cx ⊂u Dx in N , we
have Cκ(Cx)2 ⊂u Cκ(Dx)1 in Cκ(N)×. Since N is compact, there exist x1, · · · , xm ∈ N such that
N = ∪mi=1Cxi . Then Cκ(N)2 = ∪mi=1Cκ(Cxi)2 and by Proposition 3.1 (3)(ii) Cκ(N)2 : (LD) in
Cκ(N)
×. Since Cκ(N)2 ⊂u Cκ(N)1 ⊂ Cκ(N)×, it follows that Cκ(N)2 : (LD) in Cκ(N)1 and that
Cκ(N)1 : (LD) by Proposition 3.1 (4). 
5. End deformation property for uniform embeddings
In this section we introduce the notion of end deformation property for uniform embeddings (ED)
in proper product ends and study its basic nature.
5.1. Definition and basic properties.
Definition 5.1. An n-dimensional proper product end is a metric n-manifold (L, d) such that (i)
the metric d is proper and (ii) there exists a homeomorphism θ : S × [1,∞) ≈ L for some compact
(n− 1)-manifold S.
Suppose (L, d) is a proper product end. A subset F of L is said to be cofinal if L− F is relatively
compact in L. By CF(L) we denote the collection of cofinal closed subsets of L. Note that FrLF is
compact for any F ∈ CF(L). We fix a homeomorphism θ : S × [1,∞) ≈ L and let LI := θ(S × I) for
I ⊂ [1,∞) and Lr := L[r,∞) for r ≥ 1. Note that (i) F ⊂ L is cofinal if and only if Lr ⊂ F for some
r ∈ [1,∞) and (ii) d(L{1}, Lr)→∞ (r →∞) since the metric d is proper.
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Definition 5.2. Suppose (L, d) is a proper product end. We say that (L, d) has the property (ED)
and write (L, d) : (ED) if the following condition is satisfied:
(∗) For any F ∈ CF(L) and any α > 0 there exist β > 0, H ∈ CF(L) with H ⊂ F and an
admissible deformation over H (in the sense of Definition 2.3)
ϕ : Eu∗ (iF , α;F, (L, d)) × [0, 1] −→ Eu∗ (iF , β;F, (L, d))
such that
(∗)1 ϕt(f) = f on FrLF for each (f, t) ∈ Eu∗ (iF , α;F, (L, d)) × [0, 1].
Remark 5.1. In Definition 5.2 the admissible deformation ϕ satisfies the following condition :
(∗)2 ϕt(f)(F ) = f(F ) for each (f, t) ∈ Eu∗ (iF , α;F, (L, d)) × [0, 1].
Proof. Since IntLF is an open subset of L, it follows that IntLF is an n-manifold with ∂ IntLF =
(IntLF ) ∩ ∂L. Let Uλ (λ ∈ Λ) denote the collection of connected components of IntLF , which forms
a disjoint open covering of IntLF . Since d(f, iF ) < ∞ and f is a proper embedding, it follows that
f(F ) is a closed subset of L, FrLf(F ) = f(FrLF ), IntLf(F ) = f(IntLF ) and f(Uλ) (λ ∈ Λ) is the
collection of connected components of IntLf(F ), which forms a disjoint open covering of IntLf(F ).
Since L− f(FrLF ) is the disjoint union of open subsets L− f(F ) and f(Uλ) (λ ∈ Λ), each f(Uλ) is
an open and closed connected subset of L− f(FrLF ).
We can apply the same argument to ϕt(f) (t ∈ [0, 1]). From the condition (∗)1 it follows that
ϕt(f)(Uλ) (λ ∈ Λ) is a disjoint family of open and closed connected subsets of L− f(FrLF ). For each
λ ∈ Λ take any point xλ ∈ Uλ. Then ϕt(f)(xλ) (t ∈ [0, 1]) is a path in L − f(FrLF ) which meets
f(Uλ). Hence, for each t ∈ [0, 1], we have ϕt(f)(xλ) ∈ f(Uλ) and ϕt(f)(Uλ) = f(Uλ) (t ∈ [0, 1]). This
implies ϕt(f)(F ) = f(F ) (t ∈ [0, 1]). 
Lemma 5.1. Suppose (L, d), (L′, d′) are proper product ends and h : (L, d) ≈ (L′, d′) is a uniform,
coarsely uniform homeomorphism. If (L, d) : (ED), then so is (L′, d′).
Proof. Given any F ′ ∈ CF(L′) and α′ > 0. Since h−1 is coarsely uniform, there exist α > α0 > 0
such that if x′, y′ ∈ L′ and d′(x′, y′) < α′, then d(h−1(x′), h−1(y′)) < α0. Since (L, d) : (ED), for
F := h−1(F ′) ∈ CF(L) and α there exist β > 0, H ∈ CF(L) with H ⊂ F and an admissible
deformation
ϕ : Eu∗ (iF , α;F, (L, d)) × [0, 1] −→ Eu∗ (iF , β;F, (L, d))
over H such that ϕt(f) = f on FrLF for each (f, t) ∈ Eu∗ (iF , α;F,L) × [0, 1].
Since h is coarsely uniform, there exist β′ > β′0 > 0 such that if x, y ∈ L and d(x, y) < β, then
d′(h(x), h(y)) < β′0. Let H
′ := h(H) ∈ CF(L′).
Consider the homeomorphism
η : Eu∗ (F ′, L′) ≈ Eu∗ (F,L) : η(f) = h−1f(h|F ).
Since η(Eu∗ (iF ′ , α′;F ′, L′)) ⊂ Eu∗ (iF , α;F,L) and η−1(Eu∗ (iF , β;F,L)) ⊂ Eu∗ (iF ′ , β′;F ′, L′),
the required admissible deformation over H ′ is defined by
ψt = η
−1ϕtη : Eu∗ (iF ′ , α′;F ′, (L′, d′)) −→ Eu∗ (iF ′ , β′;F ′, (L′, d′)) (t ∈ [0, 1]). 
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Example 5.1. Suppose (N, d) is a compact metric manifold. If C0(N, d)1 : (LD), then C0(N, d)1 :
(ED). In particular, the 0-cone end C0(N, d)1 over any compact Lipschitz metric manifold (N, d) has
the property (ED).
Proof. Let Lr = C0(N)r (r ≥ 0). Since L1 : (LD), for the admissible tuple (L4, L3, L2, ∅, ∅) ∈ S(L1)
there exist ε ∈ (0, 1) and an admissible deformation over L4,
χ : Eu∗ (iL2 , ε;L2, L1)× [0, 1] −→ Eu∗ (iL2 , 1;L2, L1).
Given any F ∈ CF(L1) and α > 0, take β ≥ 1 such that εβ > α and Lβ ⊂ F and let H = L4β .
The β-similarity transformation
kβ : C0(N, d)→ C0(N, d), kβ(tx) = (βt)x
induces the β-similarity transformation
η : Eu∗ (iL2 , 1;L2, L1) ≈ Eu∗ (iL2β , β;L2β , Lβ) : η(f) = kβf k1/β .
Since η−1(Eu∗ (iL2β , α;L2β , Lβ)) ⊂ Eu∗ (iL2 , ε;L2, L1), we obtain an admissible deformation over H,
ψt = ηχtη
−1 : Eu∗ (iL2β , α;L2β , Lβ) −→ Eu∗ (iL2β , β;L2β , Lβ) (t ∈ [0, 1]),
such that for each (f, t) ∈ Eu∗ (iL2β , α;L2β , Lβ)× [0, 1]
(i) ψt(f) = f on L2β − L3β and (ii) ψt(f)(L2β) = f(L2β).
Finally the required admissible deformation over H is defined by
ϕ : Eu∗ (iF , α;F,L1)× [0, 1] −→ Eu∗ (iF , β;F,L1) : ϕt(f) =
{
ψt(f |L2β ) on L2β ,
f on F − L2β. 
5.2. End deformation theorem for uniform embeddings.
Suppose (M,d) is a metric n-manifold. A proper product end of (M,d) is a closed subset L of
M such that FrML is compact and (L, d|L) is a proper product end. Suppose L is a proper product
end of (M,d). We say that the end L is isolated if for any c > 0 there exists F ∈ CF(L) with
d(M − L,F ) > c. This condition is equivalent to the condition that d(M − L,Lr) → ∞ as r → ∞.
Let CF(M,L) denote the collection of closed subsets F of M such that F ∩ L ∈ CF(L). The next
lemma is a refinement of [9, Lemma 2.6].
Lemma 5.2. Suppose (M,d) is a metric manifold and N ⊂ F ⊂ M . Assume that there exists a
compact manifold S and a homeomorphism θ : S× [0, 3] ≈ N such that θ(S× (0, 3)) is an open subset
of M . Let NI := θ(S × I) for I ⊂ [0, 3] and Na := N[0,a] for a ∈ [0, 3]. Then, there exists a strong
deformation retraction
ϕ of Eu∗ (F,M ;N1) onto Eu∗ (F,M ;N2)
such that for each (f, t) ∈ Eu∗ (F,M ;N1)× [0, 1]
(i) ϕt(f) = f on f
−1(M −N(0,3))−N(0,3),
(ii) d(ϕt(f), iF ) ≤ d(f, iF ) + diamN ,
(iii) if f = id on F ∩ ∂M , then ϕt(f) = id on F ∩ ∂M and
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(iv) if N ⊂ f(F ), then ϕt(f)(F ) = f(F ).
Proof. One can construct a map ξ : [0, 1]×[0, 1] −→ Cu(M,M) which satisfies the following conditions
(cf. [9, Proof of Lemma 2.6]):
(a) ξ0(s) = idM ,
(b) ξt(s)(N) = N , ξt(s)(N1) = N1+t and
ξt(s) = id on (M −N) ∪ θ(S × ({0} ∪ [2 + s, 3])) ((s, t) ∈ [0, 1] × [0, 1]),
(c) ξt(s) ∈ Hu(M) ((s, t) ∈ [0, 1] × [0, 1] − {(0, 1)}).
Choose a map α : Eu∗ (F,M ;N1)→ [0, 1] with α−1(0) = Eu∗ (F,M ;N2) and define a homotopy
ϕ : Eu∗ (F,M ;N1)× [0, 1] −→ Eu∗ (F,M ;N1) by
ϕt(f) =
{
ξt(α(f)) f (ξt(α(f))|F )−1 (f ∈ Eu∗ (F,M ;N1)− Eu∗ (F,M ;N2),
f (f ∈ Eu∗ (F,M ;N2).
If f ∈ Eu∗ (F,M ;N1)−Eu∗ (F,M ;N2), then ξt(α(f))−1(N1) ⊂ N1 and f = id on N1, so that ϕt(f) = id
on N1. The continuity of ϕ follows from Lemma 2.1 applied to P = Eu∗ (F,M ;N1) × [0, 1] and the
maps
ζ : P → C(F,F ) : ζ(f, t) = ξt(α(f))|F and η : P → C(F,M) : η(f, t) = ξt(α(f))f .
In fact, since ξt(0)(N2) = N2 and ξt(0) = id on M − N2 by (b), it follows that f ξt(0)|F = ξt(0)f
((f, t) ∈ Eu∗ (F,M ;N2)× [0, 1]) and so
ϕt(f) ζ(f, t) = η(f, t) ((f, t) ∈ P ).
For each f ∈ Eu∗ (F,M ;N1) − Eu∗ (F,M ;N2) we have ξ1(α(f))−1(N2) = N1, so ϕ1(f) = id on N2.
These observations imply that ϕ is a strong deformation retraction of Eu∗ (F,M ;N1) onto Eu∗ (F,M ;N2).
Finally, the additional properties (i), (ii) and (iv) follow from the condition (b) ξt(s) = id onM−N(0,3).
This completes the proof. 
Lemma 5.3. Suppose (M,d) is a metric manifold and L is an isolated proper product end of (M,d).
If (L, d|L) : (ED), then the following holds:
(#) For any F ∈ CF(M,L), any s > r > 1 with Lr ⊂ IntM (F ∩ L) and any α > 0 there exist
β > 0 and an admissible deformation over Ls,
ϕ : Eu∗ (iF , α;F, (M,d)) × [0, 1] −→ Eu∗ (iF , β;F, (M,d))
such that for each (f, t) ∈ Eu∗ (iF , α;F, (M,d)) × [0, 1]
(i) ϕt(f) = f on f
−1(M − IntMLr)− IntMLr ⊂ F ,
(ii) if Lr ⊂ f(F ), then ϕt(f)(F ) = f(F ) and (iii) if f = id on Ls, then ϕt(f) = f .
Proof. Since L is isolated, we can find u > s such that Oα(Lu,M) ⊂ L. Since (L, d|L) : (ED), for Lu
and α we can find γ > α, v > u and an admissible deformation over Lv
χ : Eu∗ (iLu , α;Lu, (L, d|L))× [0, 1] −→ Eu∗ (iLu , γ;Lu, (L, d|L))
such that for each (f, t) ∈ Eu∗ (iLu , α;Lu, L)× [0, 1]
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(i) χt(f) = f on FrLLu and (ii) χt(f)(Lu) = f(Lu).
Define an admissible deformation over Lv,
ψ : Eu∗ (iF , α;F,M) × [0, 1] −→ Eu∗ (iF , γ;F,M) by ψt(f) =
{
χt(f |Lu) on Lu,
f on F − IntMLu,
which satisfies the following conditions: For each (f, t) ∈ Eu∗ (iF , α;F,M) × [0, 1]
(i) ψt(f) = f on F − IntMLu, (ii) ψt(f)(F ) = f(F ), (iii) if f = id on Lu, then ψt(f) = f .
Choose any w > v and let β := γ + diamL[r,w]. We apply Lemma 5.2 to L[r,w] ⊂ F to obtain a
strong deformation retraction
η of Eu∗ (F,M ;L[v,w]) onto Eu∗ (F,M ;L[s,w])
such that for each (f, t) ∈ Eu∗ (F,M ;L[v,w])× [0, 1]
(i) if f = id on F ∩ ∂M , then ηt(f) = id on F ∩ ∂M ,
(ii) d(ηt(f), iF ) ≤ d(f, iF ) + diamL[r,w],
(iii) ηt(f) = f on f
−1(M − L(r,w))− L(r,w) and
(iv) if L[r,w] ⊂ f(F ), then ηt(f)(F ) = f(F ).
The deformation η restricts to an admissible deformation over Ls,
η : Eu∗ (iF , γ;F,M ;Lv)× [0, 1] −→ Eu∗ (iF , β;F,M ;Lv)
such that for each (f, t) ∈ Eu∗ (iF , γ;F,M ;Lv)× [0, 1]
(i) ηt(f) = f on f
−1(M − IntMLr)− IntMLr,
(ii) if L[r,w] ⊂ f(F ), then ηt(f)(F ) = f(F ) and
(iii) if f = id on Ls, then ηt(f) = f .
Finally, the required admissible deformation ϕ is defined by
ϕ : Eu∗ (iF , α;F,M) × [0, 1] −→ Eu∗ (iF , β;F,M) : ϕt(f) =
{
ψ2t(f) (t ∈ [0, 1/2]),
η2t−1ψ1(f) (t ∈ [1/2, 1]). 
The next remark is useful in the arguments below.
Remark 5.2. Suppose (M,d) is a metric manifold and A ⊂ F ⊂ M . Let E := Eu∗ (F, (M,d))b.
Consider the following conditions for a map σ : E → E :
(i) σ(f) = f on f−1(M −A)−A for any f ∈ E .
(ii) σ(f)(F ) = f(F ) for any f ∈ E with A ⊂ f(F ).
(iii) σ(f) = id on F ∩ ∂M for any f ∈ E with f = id on F ∩ ∂M .
All of these conditions are preserved under composition (i.e., if both σ, τ : E → E satisfy the
condition (i) ((ii), (iii) respectively), then so does the composition τσ : E → E).
The assertion for (i) is verified as follows: For f ∈ E , let Xf := f−1(M − A) − A. It is seen that
f, g ∈ E and g = f on Xf , then Xf ⊂ Xg. Hence, if both σ, τ satisfy the condition (i), then for any
f ∈ E it follows that τ(σ(f)) = σ(f) on Xσ(f), σ(f) = f on Xf and Xf ⊂ Xσ(f), so that (τσ)(f) = f
on Xf .
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Proposition 5.1. Suppose (M,d) is a metric manifold and L is an isolated proper product end of
(M,d). If (L, d|L) : (ED), then for any F ∈ CF(M,L) and any s > r > 1 with Lr ⊂ IntM (F ∩ L)
there exists a strong deformation retraction
ϕ of Eu∗ (F, (M,d))b onto Eu∗ (F, (M,d);Ls)b
which satisfies the following conditions:
(1) For each (f, t) ∈ Eu∗ (F, (M,d))b × [0, 1]
(i) ϕt(f) = f on f
−1(M − IntMLr)− IntMLr,
(ii) if Lr ⊂ f(F ), then ϕt(f)(F ) = f(F ) and
(iii) if f = id on F ∩ ∂M , then ϕt(f) = id on F ∩ ∂M .
(2) For any α > 0 there exists β > 0 such that
ϕ(Eu∗ (iF , α;F, (M,d)) × [0, 1]) ⊂ Eu∗ (iF , β;F, (M,d)).
Proof. Given F, r, s. For notational simplicity, we put E = Eu∗ (F,M)b and E(α) = Eu∗ (iF , α;F,M)
(α > 0). The repeated applications of Lemma 5.3 yield a sequence of real numbers αi > 0 (i ∈ N)
and admissible deformations over Ls,
χi : E(αi + 2)× [0, 1] −→ E(αi+1) (i ∈ N),
which satisfy the following conditions: For each i ∈ N
(3) αi + 2 < αi+1,
(4) for each (f, t) ∈ E(αi + 2)× [0, 1]
(i) χit(f) = f on f
−1(M − IntMLr)− IntMLr,
(ii) if Lr ⊂ f(F ), then χit(f)(F ) = f(F ) and (iii) if f = id on Ls, then χit(f) = f .
For each i ∈ N take a map λi : E(αi + 2) −→ [0, 1] such that λi = 1 on E(αi) and λi = 0 on
E(αi + 2)− E(αi + 1) and define a homotopy ηi on E by
ηi : E × [0, 1] −→ E : ηit(f) =
{
(χi)λi(f)t(f) (f ∈ E(αi + 2)),
f (f ∈ E − E(αi + 1)).
It satisfies the following conditions:
(5) (i) for each (f, t) ∈ E × [0, 1]
(a) ηi0(f) = f , (b) η
i
t(f) = f on f
−1(M − IntMLr)− IntMLr,
(c) if Lr ⊂ f(F ), then ηit(f)(F ) = f(F ),
(d) if f = id on F ∩ ∂M , then ηit(f) = id on F ∩ ∂M ,
(ii) (a) ηit(f) = f (t ∈ [0, 1]) if f ∈ Eu∗ (F,M ;Ls)b or f 6∈ E(αi + 1)),
(b) ηit(E(αi + 2)) ⊂ E(αi+1) (t ∈ [0, 1])
(iii) ηi1(E(αi)) ⊂ Eu∗ (F,M ;Ls)b
(iv) ηjt (E(αi)) ⊂ E(αi) (j ≤ i− 1, t ∈ [0, 1])
(v) (a) ηi1η
i−1
1 . . . η
1
1(E(αi)) ⊂ ηi1(E(αi)) ⊂ Eu∗ (F,M ;Ls)b,
(b) ηjt η
j−1
1 · · · ηi1 . . . η11(f) = ηi1 . . . η11(f) (f ∈ E(αi), j ≥ i+ 1, t ∈ [0, 1]).
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Replacing [0, 1] by [0,∞], the required homotopy ϕ : E × [0,∞]→ E is defined by
ϕt(f) =
 η
j
t−j+1η
j−1
1 · · · η11(f) (t ∈ [j − 1, j], j ∈ N),
lim
j→∞
ηj1 · · · η11(f) (t =∞).
The homotopy ϕt is well-defined for t ∈ [0,∞) by (5)(i)(a) and for t = ∞ by (5)(v)(b). The
continuity of ϕ follows from
ϕt(f) = η
i
1 . . . η
1
1(f) ((f, t) ∈ E(αi)× [i,∞]).
By (5)(i)(a), (ii)(a), (v)(a) the homotopy ϕ is a strong deformation retraction of E onto Eu∗ (F,M,Ls)b.
It remains to verify the conditions (1) and (2).
(1) Consider the following condition (∗) for a map σ : E → E :
(∗) (i) σ(f) = f on Xf ≡ f−1(M − IntMLr)− IntMLr for any f ∈ E .
(ii) σ(f)(F ) = f(F ) for any f ∈ E with Lr ⊂ f(F ).
(iii) σ(f) = id on F ∩ ∂M for any f ∈ E with f = id on F ∩ ∂M .
By Remark 5.2, the condition (∗) is preserved under composition. We have to show that the map ϕt
satisfies this condition (∗) for any t ∈ [0,∞]. By (5)(i) ηit satisfies the condition (∗) for each i ∈ N
and t ∈ [0, 1]. If t ∈ [j − 1, j] (j ∈ N), then the map ϕt = ηjt−j+1ηj−11 · · · η11 satisfies the condition
(∗). For t =∞, if f ∈ E(αi), then ϕ∞(f) = ηi1 . . . η11(f) and since ηi1 . . . η11 satisfies the condition (∗),
it follows that (i) ϕ∞(f) = f on Xf , (ii) ϕ∞(f)(F ) = f(F ) if Lr ⊂ f(F ) and (iii) ϕ∞(f) = id on
F ∩ ∂M if f = id on F ∩ ∂M . This implies the conclusion.
(2) From (5) it follows that ϕt(E(αi)) ⊂ E(αi+1) (i ∈ N, t ∈ [0,∞]). 
Theorem 5.1. Suppose (M,d) is a metric manifold and L(1), · · · , L(m) ⊂ M are pairwise disjoint
isolated proper product ends of M . If (L(i), d|L(i)) : (ED) for each i = 1, · · · ,m, then for any F ⊂M
with F ∈ CF(M,L(i)) (i = 1, · · · ,m) and any si > ri > 1 with L(i)ri ⊂ IntM (F ∩L(i)) (i = 1, · · · ,m)
there exists a strong deformation retraction
ϕ of Eu∗ (F, (M,d))b onto Eu∗ (F, (M,d);∪mi=1L(i)si)b
such that
(1) for each (f, t) ∈ Eu∗ (F, (M,d))b × [0, 1]
(i) ϕt(f) = f on f
−1(M − IntM (∪mi=1L(i)ri))− IntM (∪mi=1L(i)ri),
(ii) if ∪mi=1L(i)ri ⊂ f(F ), then ϕt(f)(F ) = f(F ),
(iii) if f = id on F ∩ ∂M , then ϕt(f) = id on F ∩ ∂M .
(2) for each α > 0 there exists β > 0 such that
ϕ(Eu∗ (iF , α;F, (M,d)) × [0, 1]) ⊂ Eu∗ (iF , β;F, (M,d)).
Proof. Let E = Eu∗ (F,M)b and E(α) = Eu∗ (iF , α;F,M) (α > 0). By Proposition 5.1, for each i =
1, · · · ,m there exists a strong deformation retraction
ϕi of E onto Eu∗ (F,M ;L(i)si)b
which satisfies the following conditions:
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(3) For each (f, t) ∈ E × [0, 1]
(i) ϕit(f) = f on f
−1(M − IntML(i)ri)− IntML(i)ri ,
(ii) if L(i)ri ⊂ f(F ), then ϕit(f)(F ) = f(F ),
(iii) if f = id on F ∩ ∂M , then ϕit(f) = id on F ∩ ∂M .
(4) For any α > 0 there exists β > 0 such that ϕi(E(α) × [0, 1]) ⊂ E(β).
Then the composition
ϕt = ϕ
m
t · · ·ϕ1t : E −→ E (t ∈ [0, 1])
is a strong deformation retraction of E onto Eu∗ (F,M ;∪mi=1L(i)si)b, that is,
(5) for each f ∈ E (i) ϕ0(f) = f , (ii) ϕ1(f) = id on ∪mi=1L(i)si ,
(iii) if f = id on ∪mi=1L(i)si , then ϕt(f) = f (t ∈ [0, 1]).
The condition (5)(ii) follows from the next assertion:
(ii)k ϕ
k
1 · · ·ϕ11(f) = id on ∪ki=1L(i)si (k = 1, · · · ,m).
This is verified inductively based upon (3)(i) and ϕi1(f) = id on L(i)si (i = 1, · · · ,m).
The condition (1) follows from (3) and Remark 5.2. The condition (2) follows from (4). In fact,
for any α0 > 0, we can find αi > 0 (i = 1, · · · ,m) such that
ϕi(E(αi−1)× [0, 1]) ⊂ E(αi) (i = 1, · · · ,m).
Then we have ϕ(E(α0)× [0, 1]) ⊂ E(αm). This completes the proof. 
Proof of Theorem 1.3. By Theorem 5.1, for F = M and (ri, si) = (2, 3) (i = 1, · · · ,m) we obtain
a strong deformation retraction of Eu∗ (M,M)b onto Eu∗ (M,M ;L3)b, which restricts to the required
strong deformation retraction ϕ of Hub (M) onto Hub (M ;L3). 
6. Uniform isotopies
6.1. Uniform isotopies.
Suppose X is a topological space. An isotopy on X is a homeomorphism H ∈ H(X × [0, 1]) which
preserves [0, 1]-factor (i.e., H(x, t) = (Ht(x), t) ((x, t) ∈ X × [0, 1])). By H(X × [0, 1])I we denote the
subgroup of H(X × [0, 1]) consisting of all isotopies on X. If H is an isotopy on X, then Ht ∈ H(X)
for each t ∈ [0, 1] and we obtain the associated function Ĥ : [0, 1] → H(X) : Ĥ(t) = Ht. Usually an
isotopy H on X is regarded as a sort of path in H(X) and described as the family {Ht}t∈[0,1]. Note
that (HK)t = HtKt and (H
−1)t = (Ht)−1 for any H,K ∈ H(X × [0, 1])I . For a subset S of H(X)
and f, g ∈ S an isotopy from f to g in S means an isotopy H on X such that H0 = f , H1 = g and
Ht ∈ S (t ∈ [0, 1]).
Suppose (X, d) is a metric space. The product space X × [0, 1] is given the metric d˜ defined by
d˜((x, t), (y, s)) = d(x, y) + |t− s| ((x, t), (y, s) ∈ X × [0, 1]).
The metric d˜ has the following basic properties.
Lemma 6.1. (1) (X × [0, 1], τd˜) = (X, τd)× [0, 1] (Tychonoff product).
(2) If ρ is a metric on X × [0, 1] uniformly equivalent to d˜, then
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(i) τρ = τd˜ on X × [0, 1]
(ii) (a) H(X × [0, 1], ρ)u = H(X × [0, 1], d˜)u and
(b) the sup-metrics on this space defined by ρ and d˜ are uniformly equivalent.
(3) Any H ∈ H(X × [0, 1], d˜)I induces the associated function Ĥ : [0, 1] → H(X, d). We have
d˜(H,K) = d(Ĥ, K̂)
(
= sup
t∈[0,1]
d(Ht,Kt)
)
for any H,K ∈ H(X × [0, 1], d˜)I . 
Definition 6.1. An isotopy H on (X, τd) is said to be
(i) a (bounded) uniform isotopy on (X, d) if H ∈ Hu(b)(X × [0, 1], d˜),
(ii) a level-wise bounded (uniform) isotopy on (X, d) if Ht ∈ H(u)b (X, d) for each t ∈ [0, 1].
Let Hu(b)(X × [0, 1], d˜)I and Hlb(u)(X × [0, 1], d˜)I denote the subgroups of H(X × [0, 1])I consisting
of (bounded) uniform isotopies and level-wise bounded (uniform) isotopies on (X, d), endowed with
the sup-metric and the uniform topology defined by d˜.
Uniform isotopies are reinterpreted correctly as continuous paths in Hu(X, d).
Lemma 6.2. (1) If H is a (bounded ) uniform isotopy on (X, d), then (i) H is a level-wise (bounded )
uniform isotopy on (X, d) and (ii) the function Ĥ : [0, 1]→Hu(b)(X, d), Ĥ(t) = Ht is continuous.
(2) Any map h : [0, 1]→Hu(b)(X, d) determines a (bounded ) uniform isotopy h˜ on (X, d) by
h˜(x, t) = (h(t)(x), t) ((x, t) ∈ X × [0, 1]).
(3) The correspondence given in (1) and (2) defines a natural isometry
η :
(Hu(b)(X × [0, 1], d˜)I , d˜) −→ (C([0, 1], (Hu(b)(X, d), d))u, d) : η(H) = Ĥ, η−1(h) = h˜.
Proof. (1)(ii) Since H is uniformly continuous, for any ε > 0 there exists δ > 0 such that if
d˜((x, t), (y, s)) < δ, then d˜(H(x, t),H(y, s)) < ε. It is seen that if |t− s| < δ, then d(Ht,Hs) ≤ ε.
(2) By the compactness of [0, 1] it follows that h is uniformly continuous and the family {h(t)}t∈[0,1]
is equi-continuous. From these observations it follows that h˜ is uniformly continuous.
Since Hu(X, d) is a topological group, we have a map k : [0, 1] →Hu(X, d) : k(t) = h(t)−1 and the
associated map
k˜ : X × [0, 1] −→ X × [0, 1] : k˜(x, t) = (k(t)(x), t).
is also uniformly continuous. Since k˜h˜ = h˜k˜ = idX×[0,1], it follows that h˜ is a uniform isotopy on
(X, d). In the bounded case, since h is continuous, by Lemma 6.1(3) we have
d˜(h˜, idX×[0,1]) = d(h, idX) = max
t∈[0,1]
d(h(t), idX) <∞.
(3) The assertion follows from Lemma 6.1(3). 
Remark 6.1. Suppose Z is a topological space, K is a compact topological space and (Y, ρ) is a
metric space. The exponential law for function spaces induces a natural isometry
χ :
(C(Z ×K, (Y, ρ)), ρ) ∼=−→ (C(Z, (C(K, (Y, ρ))u, ρ)), ρ),
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where the metric ρ on Y induces (i) the sup-metric ρ on C(Z × K, (Y, ρ)) and (ii) the sup-metric ρ
on C(K, (Y, ρ))u, which further induces the sup-metric ρ on C(Z, C(K, (Y, ρ))u). Any map ϕ ∈ C(Z ×
K, (Y, ρ)) and the corresponding map Φ = χ(ϕ) are related by Φ(z)(k) = ϕ(z, k) ((z, k) ∈ Z ×K).
By Lemma 6.2(3) and Remark 6.1 we obtain natural isometries between function spaces related to
uniform isotopies.
Proposition 6.1. For any topological space Z there exist natural isometries
(C(Z × [0, 1], (Hu(b)(X, d), d)), d)
χ−→∼=
(C(Z, (C([0, 1], (Hu(b)(X, d), d))u, d)), d)
η#←−∼=
(C(Z, (Hu(b)(X × [0, 1], d˜)I , d˜)), d˜).
For any map ϕ ∈ C(Z× [0, 1],Hu(b)(X, d)), the corresponding maps ψ ∈ C(Z, C([0, 1], (Hu(b)(X, d), d))u)
and Φ ∈ C(Z,Hu(b)(X × [0, 1], d˜)I) are related by
χ(ϕ) = ψ = ηΦ and ϕ(z, t) = ψ(z)(t) = Φ(z)t ((z, t) ∈ Z × [0, 1]). 
6.2. Local contractibility of Hu(X, d).
Since the space Hu(X, d) is not necessarily locally contractible in the usual sense, in the literature
some authors introduced another weaker notion of local contractibility of Hu(X, d) in order to obtain
some affirmative results (cf. [7, Section 5.6]). In this subsection we clarify the relationship between
this weaker notion and the standard notion of local contractibility of Hu(X, d) as a topological space.
For this purpose, first we recall the standard notions on local contractibility of topological spaces.
Suppose Z is any topological space and C is a subset of Z. We say that
(i) C is contractible in Z if there exists a homotopy ϕ : C × [0, 1] → Z such that ϕ0(z) = z
(z ∈ C) and ϕ1 is a constant map (i.e., ϕ1(z) ≡ z0 for some fixed point z0 in Z),
(ii) (a) Z is locally contractible if for each point z ∈ Z and any neighborhood V of z in Z there
exists a neighborhood U of z in V such that U is contractible in V ,
(b) Z is weakly locally contractible if each point of Z has a neighborhood contractible in Z,
(iii) Z is contractible if it is contractible in itself.
For a topological group G it is shown that G is locally contractible if and only if some neighborhood
of the unit element of G is contractible in G.
Proposition 6.1 leads us to an interpretation of local contractibility of Hub (X, d) in terms of uniform
isotopies. Note that Hub (X, d) is an open and closed subgroup of Hu(X, d).
Proposition 6.2. Suppose A ⊂ B ⊂ Hu(X, d) and h0 ∈ A. Then A is contractible in B if and only
if there exists a map Φ : A → Hu(X× [0, 1], d˜)I such that for each h ∈ A the image Φ(h) is a uniform
isotopy from h to h0 in B.
Corollary 6.1. (1) Hu(X, d) is locally contractible if and only if there exists a neighborhood U of
idX in Hub (X, d) and a map Φ : U → Hu(X × [0, 1], d˜)I such that for each h ∈ U the image Φ(h) is a
uniform isotopy from h to idX .
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(2) Hub (X, d) is contractible if and only if there exists a map Φ : Hub (X, d) → Hu(X × [0, 1], d˜)I
such that for each h ∈ Hub (X, d) the image Φ(h) is a uniform isotopy from h to idX .
Remark 6.2. In Corollary 6.1 (1), (2) we have ImΦ ⊂ Hub (X × [0, 1], d˜)I .
In [7, Section 5.6] for any kind of topology on function spaces (Whitney, uniform and compact-
open topologies, etc), a weaker notion of local contractibility of homeomorphism groups is formulated
based on continuous selections of isotopies to the identity map. As for the uniform topology this
formulation just means replacing uniform isotopies by level-wise uniform isotopies in Corollary 6.1.
Definition 6.2. We say that Hu(X, d) is locally contractible* if there exist a neighborhood U of idX
in Hub (X, d) and a map
Φ : U −→ Hlbu(X × [0, 1], d˜)I
such that for each h ∈ U the image Φ(h) is a level-wise bounded uniform isotopy from h to idX . The
map Φ is called a local contraction* of Hub (X, d). If we can take U = Hub (X, d), then we say that
Hub (X, d) is contractible* and call the map Φ a contraction* of Hub (X, d).
To avoid any ambiguity, we should use the precise terminology as “(locally) contractible by means
of level-wise uniform isotopies” instead of the temporary phrase “(locally) contractible*”. But the
former is too long for our treatment in this article. Note that in [7, Section 5.6] this weaker notion is
also described by the same terminology “(locally) contractible”.
The next corollary is a direct consequence of Corollary 6.1.
Corollary 6.2. If Hub (X, d) is (locally) contractible, then Hub (X, d) is (locally) contractible*.
7. Alexander isotopies in κ-cones
In this section we discuss basic properties of Alexander isotopies in κ-cones (κ ≤ 0) (cf. [4]).
Throughout this section we consider the κ-cone Cκ(X, d) = (C(X), d˜κ) over a compact metric space
(X, d). The metric d˜κ on Cκ(X, d) induces the sup-metric d˜κ on H(Cκ(X, d)) and the metric ˜˜dκ on
Cκ(X, d) × [0, 1]. We follow the convention 0 · ∞ = 0.
7.1. General properties.
The κ-cone Cκ(X, d) admits the radial transformations
θt ∈ H(Cκ(X, d)) : θt(u) = tu (t ∈ (0,∞)).
Definition 7.1. (Alexander’s trick) Each h ∈ H(Cκ(X, d)) determines the following functions:
(1) ht ∈ H(Cκ(X, d)) (t ∈ [0,∞)) : ht =
{
θth(θ1/t) (t ∈ (0,∞)),
id (t = 0).
(2) ηh : [0,∞) −→ H(Cκ(X, d)) : ηh(t) = ht
(3) Φ(h) : Cκ(X, d)×[0, 1] → Cκ(X, d)×[0, 1] : Φ(h)(u, t) = (ht(u), t) =
{ (
th(1tu), t
)
(t ∈ (0, 1]),
(u, 0) (t = 0).
30 TATSUHIKO YAGASAKI
The function Φ(h) is always continuous on the open subset Cκ(X, d) × (0, 1]. However, it is not
necessarily continuous on a point in Cκ(X, d) × {0} (for instance, consider the rotation in R2).
Recall the function λκ defined in Remark 2.1 in Section 2.5.
Lemma 7.1. (1) For any x, y ∈ X and r, s, t ∈ [0,∞)
(i) λκ(d˜κ(tsx, tsy)) = λκ(2ts) sin
1
2 dπ(x, y) =
λκ(2ts)
λκ(2s)
λκ(d˜κ(sx, sy)),
(ii) d˜κ(trx, tsx) = td˜κ(rx, sx) = t|r − s|.
(2) For any t ∈ [0, 1]
(i) λκ(ts) ≤ tλκ(s) (s ∈ [0,∞)),
(ii) λκ(d˜κ(tu, tv)) ≤ tλκ(d˜κ(u, v)), d˜κ(tu, tv) ≤ d˜κ(u, v) (u, v ∈ Cκ(X, d)).
Proof. (2)(ii) λ2κ(d˜κ(trx, tsy)) = λ
2
κ(t(r − s)) + λκ(2tr)λκ(2ts) sin2 12 dπ(x, y) ≤ t2λ2κ(d˜κ(rx, sy)). 
Remark 7.1. (1) When κ = 0, the map θt is t-similar for t ∈ (0,∞).
(2) When κ < 0, the map θt is 1-Lipschitz for t ∈ (0, 1]. Furthermore, if (X, d) is not a discrete space,
then θt is not uniformly continuous for t ∈ (1,∞), since λκ(2ts)λκ(2s) →∞ (s→∞) in Lemma 7.1 (1)(i).
Lemma 7.2. Let h, k ∈ H(Cκ(X, d)).
(1) (i) h1 = h, idt = id, (kh)t = ktht, (h
−1)t = (ht)−1 and hst = (hs)t (s, t ∈ [0,∞)).
(ii) For any t ∈ [0, 1]
(a) λκ(d˜κ(ht, kt)) ≤ tλκ(d˜κ(h, k)), λκ(d˜κ(ht, id)) ≤ tλκ(d˜κ(h, id)),
(b) d˜κ(ht, kt) ≤ d˜κ(h, k), d˜κ(ht, id) ≤ d˜κ(h, id).
(2) (i) Φ(id) = id, Φ(kh) = Φ(k)Φ(h) and Φ(h−1) = Φ(h)−1.
(ii) ˜˜dκ(Φ(h),Φ(k)) = d˜κ(h, k)
(where
˜˜
dκ is the sup-metric induced from the metric
˜˜
dκ on Cκ(X, d) × [0, 1]).
(3) If h ∈ Hb(Cκ(X, d)), then
(i) ht ∈ Hb(Cκ(X, d)) (t ∈ [0, 1]), (ii) ηh is continuous at t = 0 and
(iii) Φ(h) is a level-wise bounded isotopy on Cκ(X, d) from id to h.
(4) Φ(h) is a uniform isotopy on Cκ(X, d) if and only if ηh|[0,1] is continuous and ht ∈ Hu(Cκ(X, d))
(t ∈ [0, 1]). In this case, Φ(h) and ht (t ∈ [0, 1]) are bounded.
Proof. (1)(ii)(a) From Lemma 7.1 (2)(ii) it follows that for any t ∈ (0, 1] and u ∈ Cκ(X, d)
λκ(d˜κ(ht(u), kt(u))) = λκ(d˜κ(th(
1
t u), tk(
1
tu))) ≤ tλκ(d˜κ(h(1t u), k(1tu))) ≤ tλκ(d˜κ(h, k)).
(2)(ii) The claim follows from the following observations; For any u ∈ Cκ(X, d) and t ∈ [0, 1]
˜˜
dκ(Φ(h)(u, t),Φ(k)(u, t)) =
˜˜
dκ((ht(u), t), (kt(u), t)) = d˜κ(ht(u), kt(u)) ≤ d˜κ(ht, kt) ≤ d˜κ(h, k),
d˜κ(h(u), k(u)) =
˜˜
dκ(Φ(h)(u, 1),Φ(k)(u, 1)) ≤ ˜˜dκ(Φ(h),Φ(k)).
(3) The claims (i) and (ii) follow from (1)(ii) (b) and (a) respectively.
(iii) The function Φ(h) is continuous at any (u, 0) (u ∈ Cκ(X, d)) by (ii) and at any (u, t) ∈
Cκ(X, d) × (0, 1] by the definition of Φ(h) itself and the continuity of the scalor multiplication
Cκ(X, d) × [0,∞) ∋ (v, s) 7→ sv ∈ Cκ(X, d).
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(4) The assertion follows from Lemma 6.2. Note that the open subgroup Hub (Cκ(X, d)) includes
any continuous path in Hu(Cκ(X, d)) emanating from id. 
For each h ∈ Hb(Cκ(X, d)) the isotopy Φ(h) = {ht}t∈[0,1] on Cκ(X, d) from id to h is called the
Alexander isotopy for h. By Lemma 7.2 (2)(ii) we obtain an isometric embedding
Φ : Hb(Cκ(X, d)) ∋ h 7−→ Φ(h) ∈ Hlb(Cκ(X, d) × [0, 1], ˜˜dκ)I ,
which constitutes a contraction* of Hb(Cκ(X, d)). However, in Example 7.3 below, for any compact
Lipschitz metric manifold (X, d) we construct an example of k ∈ Hub (Cκ(X, d)) for which ηk|[0,1] is
not continuous. This means that the function associated to the contraction* Φ,
ϕ : Hb(Cκ(X, d)) × [0, 1] −→ Hb(Cκ(X, d)): ϕ(h, t) = ht
is not necessarily continuous on Hub (Cκ(X, d)) × [0, 1].
In the case that κ = 0 Alexander isotopies have some specific properties: In this case, θt is a
t-similar transformation on C0(X, d) for each t > 0. Consider the function
ξt : H(C0(X, d)) −→ H(C0(X, d)) : ξt(h) = ht (t ∈ [0,∞))
Lemma 7.3. Let h, k ∈ H(C0(X, d)) and t ∈ [0,∞).
(1) d˜0(ht, kt) = td˜0(h, k), d˜0(ht, id) = td˜0(h, id).
(2) The map ξt is a t-similar embedding for t > 0.
(3) If h ∈ Hb(C0(X, d)), then ht ∈ Hb(C0(X, d)). If h ∈ Hu(C0(X, d)), then ht ∈ Hu(C0(X, d)).
If h ∈ Hub (C0(X, d)), then Φ(h) ∈ Hlbu
(
C0(X, d) × [0, 1], ˜˜d0
)I
.
(4) (i) ηh is continuous at t = 0 if and only if h ∈ Hb(C0(X, d)).
(ii) If ηh is continuous at a point in (0,∞), then ηh is continuous at any point in (0,∞).
(iii) Φ(h) is a uniform isotopy if and only if h ∈ Hu(C0(X, d)) and ηh is continuous. 
The contraction* Φ of Hb(C0(X, d)) restrcts to a contraction* of Hub (C0(X, d)),
Φ : Hub (C0(X, d)) →Hlbu
(
C0(X, d) × [0, 1], ˜˜d0
)I
.
However, the function associated to this contraction* Φ,
ϕ : Hub (C0(X, d)) × [0, 1]→ Hub (C0(X, d)): ϕ(h, t) = ht
is not continuous for any compact Lipschitz metric manifold (X, d).
7.2. Contraction of subgroups.
One can expect that the function ϕ restricts to a contraction of a suitable subgroup ofHub (Cκ(X, d)).
In this subsection we discuss this question. Consider the following subset of Hub (Cκ(X, d)):
G = G(Cκ(X, d)) := {h ∈ H(Cκ(X, d)) | Φ(h) is a uniform isotopy.}.
Recall that (i) Φ(h) is a uniform isotopy if and only if ηh|[0,1] is continuous and ht ∈ Hu(Cκ(X, d))
(t ∈ [0, 1]) and (ii) if Φ(h) is a uniform isotopy, then ht ∈ Hb(Cκ(X, d)) (t ∈ [0, 1]).
Proposition 7.1. (1) G is a subgroup of Hub (Cκ(X, d)). (2) If h ∈ G, then hs ∈ G for any s ∈ [0, 1].
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(3) The function ϕ restricts to a contraction ϕ : G × [0, 1]→ G.
Proof. (1) The claim follows from Lemma 7.2 (2)(i) and (4).
(2) By Lemma 7.2 (1)(i) we have ηhs(t) = (hs)t = hst (t ∈ [0, 1]).
(3) By the definition of G the map Φ restricts to the map Φ : G → Hub (Cκ(X, d) × [0, 1], ˜˜dκ)I .
Proposition 6.1 implies that the associated function ϕ : G × [0, 1]→Hub (Cκ(X, d)) is continuous. (We
can also consider the map ψ : G → C([0, 1],Hub (Cκ(X, d))) : ψ(h) = ηh|[0,1], which is shown to be an
isometric embedding with respect to the sup-metrics.) By (2) we have ϕ(G × [0, 1]) ⊂ G. 
Remark 7.2. (1) The subset G is maximal in Hub (Cκ(X, d)) in the following sense:
(♮) If S ⊂ H(Cκ(X, d)), ϕ : S×[0, 1]→H(Cκ(X, d)) is continuous and ϕ(S×[0, 1]) ⊂ Hu(Cκ(X, d)),
then S ⊂ G.
(2) Suppose S ⊂ G and H is the subgroup of G generated by S. If ϕ(S × [0, 1]) ⊂ H, then
ϕ(H× [0, 1]) ⊂ H and the contraction ϕ of G restricts to a contraction of H.
Proof. (1) The assertion follows from the definition of G itself.
(2) Any h ∈ H can be represented as
h = g ǫ11 · · · g ǫmm for some g1, · · · , gm ∈ S and ǫ1, · · · , ǫm = ±1.
Then, for any t ∈ [0, 1] we have (g1)t, · · · , (gm)t ∈ H and ht = (g1) ǫ1t · · · (gm) ǫmt ∈ H. 
Next we show that the group G includes the normal subgroup H0(Cκ(X, d)) of Hub (Cκ(X, d)) (cf.
Section 2.4).
Proposition 7.2. Both H0(Cκ(X, d)) and Hc(Cκ(X, d)) are normal subgroups of G and the contrac-
tion ϕ of G restricts to the contractions
ϕ : H0(Cκ(X, d)) × [0, 1]→H0(Cκ(X, d)) and ϕ : Hc(Cκ(X, d)) × [0, 1]→Hc(Cκ(X, d)).
This proposition follows from the next lemma.
Lemma 7.4. (1) If h ∈ Hc(Cκ(X, d)), then ht ∈ Hc(Cκ(X, d)) (t ∈ [0,∞)).
(2) If h ∈ H0(Cκ(X, d)), then (i) ht ∈ H0(Cκ(X, d)) (t ∈ [0, 1]) and (ii) ηh|[0,1] is continuous.
Proof. (1) If h ∈ Hc(Cκ(X, d)), then ht = θthθ−1t ∈ Hc(Cκ(X, d)) for any t ∈ (0,∞).
(2) First we show that
(†) for any ε > 0 there exists r > 0 such that d˜κ(ht(u), u) < ε for any t ∈ [0, 1] and u ∈ Cκ(X, d)r .
In fact, since h ∈ H0(Cκ(X, d)), for any ε > 0 there exists a compact set K ⊂ Cκ(X, d) such that
d˜κ(h(u), u) < ε (u ∈ Cκ(X, d) −K). There exists r > 0 such that K ⊂ Or(0). For any t ∈ (0, 1] and
u ∈ Cκ(X, d)r , since 1tu ∈ Cκ(X, d)r ⊂ Cκ(X, d) −K, it follows that
d˜κ(ht(u), u) = d˜κ(th(
1
tu), t(
1
tu)) ≤ d˜κ(h(1tu), 1tu)) < ε.
(i) For any r ≥ 0 the closed r-neighborhood Br(0) is compact, since Br(0) = {tx ∈ Cκ(X, d) | x ∈
X, t ∈ [0, r]} and X is assumed to be compact. Thus, the claim (i) follows from (†).
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(ii) We show that ηh|[0,1] is uniformly continuous. Take any ε > 0.
(a) There exists r > 0 such that d˜κ(ht(u), u) < ε/2 (t ∈ [0, 1], u ∈ Cκ(X, d)r). Then, for any
s, t ∈ [0, 1] it follows that
d˜κ(hs(u), ht(u)) ≤ d˜κ(hs(u), u) + d˜κ(u, ht(u)) < ε (u ∈ Cκ(X, d)r).
(b) Since h ∈ H0(Cκ(X, d)) ⊂ Hb(Cκ(X, d)), it follows that Φ(h) is an isotopy and the map
Cκ(X, d)× [0, 1] ∋ (u, t) 7→ ht(u) ∈ Cκ(X, d) is continuous. Since Br(0) is compact, there exists δ > 0
such that if s, t ∈ [0, 1] and |s− t| < δ then d˜κ(hs(u), ht(u)) < ε (u ∈ Br(0)).
These observations mean that d˜κ(hs, ht) ≤ ε if s, t ∈ [0, 1] and |s− t| < δ. 
7.3. Examples.
First we focus on the Euclidean space (Rn, d). Since it has the canonical 0-cone structure Rn =
C0(S
n−1), the results in the previous sections are applied to the group Hub (Rn). The next example
shows that the function ηh|[0,1] is not necessarily continuous for h ∈ Hub (Rn).
Example 7.1. (the Rn-case) For any non-zero vector v ∈ Rn we can find h ∈ Hub (Rn) such that
(i) h((2k + 1)v) = (2k + 1)v (k ∈ N) and
(ii) there exists c > 0 such that d(h(2kv), 2kv) > c (k ∈ N).
For any such h, the function ηh|[0,1] is not continuous at t = 1.
Proof. Assume the contrary, that ηh|[0,1] is continuous at t = 1. Then, there exists t0 ∈ [0, 1) such that
d(ht, h) < c for any t ∈ (t0, 1]. Since 2k2k+1 → 1 (k →∞), there exists k ∈ N such that t := 2k2k+1 > t0.
It follows that ht(2kv) = th
(
1
t 2kv
)
= th((2k + 1)v) = t(2k + 1)v = 2kv so that
d(ht, h) ≥ d(ht(2kv), h(2kv)) = d(2kv, h(2kv)) > c.
This contradicts d(ht, h) < c. 
In [9] we showed that Hub (Rn) is contractible in the usual sense. There we adopted the following
strategy: (1) Since Rn admits a metric covering projection onto the flat torus, Rn has the property
(LD) and there exists a contraction χt of a small open ball Hu(id, ε;Rn) in Hub (Rn). (2) Given α > 0,
using χt and a similarity transformation θγ , we can find β > 0 and a contraction ψt of the open
ball Hu(id, α;Rn) in Hu(id, β;Rn). (3) The iteration of (2) yields a sequence of contractions ψit of
Hu(id, αi;Rn) in Hu(id, αi+1;Rn) for some increasing sequence αi ∈ R (i ∈ N). A contraction of
Hub (Rn) is obtained by composing these contractions ψit. In this argument, we need not change the
scale factor γ of the similarity transformation θγ continuously.
By Proposition 7.1 the Alexander isotopies induce a contraction of the subgroup G(Rn) of Hub (Rn),
ϕ : G(Rn)× [0, 1]→ G(Rn) : ϕ(h, t) = ht.
This group includes the translations hv (v ∈ Rn) defined by hv(x) = x+ v (x ∈ Rn).
Example 7.2. The group G(Rn) includes the following subgroups, each of which is preserved by the
contraction ϕ of G(Rn): (a) A(Rn) = {hv | v ∈ Rn} (b) Hc(Rn) (c) H0(Rn)
(d) Hc = {ghv | g ∈ Hc(Rn), v ∈ Rn} (e) H0 = {ghv | g ∈ H0(Rn), v ∈ Rn}.
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Proof. (a) For each v ∈ Rn it follows that h = hv ∈ Hub (Rn), ht = htv , d(ht, hs) = ‖v‖|t − s|
(t, s ∈ [0,∞)) and ηh is continuous. These observation imply the claim on A(Rn).
(b)(c) The claims follow from Proposition 7.2.
(d)(e) Since Hc(Rn) and H0(Rn) are normal subgroups of Hub (Rn), it is seen that Hc ⊂ H0 coin-
cide with the subgroups of Hub (Rn) generated by the unions Hc(Rn) ∪ A(Rn) and H0(Rn) ∪ A(Rn)
respectively. The claims now follow from (a), (b), (c) and Remark 7.2 (2) 
The author was informed that R. A. McCoy had shown that the Alexander isotopies induce a
contraction of Hc(Rn).
Remark 7.3. Let Hc(Rn)co denote the group Hc(Rn) endowed with the compact-open topology. For
n ≥ 2, the function ϕ : Hc(Rn)co × [0, 1]→ Hc(Rn)co is not continuous at (idRn , 0).
Proof. Recall that a fundamental neighborhood system of id in Hc(Rn)co is given by
U(id,K, ε) = {h ∈ Hc(Rn) | d(h(x), x) < ε (x ∈ K)} (K ∈ K(Rn), ε > 0).
Contrary, suppose ϕ is continuous at (idRn , 0). Consider the points e1 = (1, 0, · · · , 0) and e2 =
(0, 1, · · · , 0) in Rn. Since ϕ(id, 0) = id, there exist r > 0 and δ > 0 such that ϕ(U(id, Br(0), δ) ×
[0, δ)) ⊂ U(id, {e1}, 1). Choose s > r with 1s < δ and find h ∈ Hc(Rn) such that h(se1) = se2 and
h = id on Br(0) ∪ (Rn −Bs+1(0)). Then, h ∈ U(id, Br(0), δ) and t := 1s ∈ [0, δ), so ht ∈ U(id, {e1}, 1)
and e2 = ht(e1) ∈ O1(e1), which is a contradiction. 
The argument in Example 7.1 extends to the κ-cone case.
Example 7.3. (the κ-cone case) Consider the following condition on a metric space (Y, ρ):
(∗) There exists a point z ∈ Y , L ≥ 1 and ε0 > 0 such that for any ε ∈ (0, ε0) there exists an
isotopy {fs}s∈[0,1] on Y which satisfies the following condition :
(♭)(z, L, ε) : for each s, t ∈ [0, 1] (i) fs is a L-Lipschitz homeomorphism of (Y, ρ), (ii) f1 = idY ,
(iii) supp fs ⊂ Oε(z), (iv) ρ(f δs , f δt ) ≤ εL|s − t| (δ = ±1) and (v) ρ(f0(z), z) ≥ εL .
For example, the Euclidean space Rn satisfies the condition (∗). Indeed, we can find an isotopy
hs on R
n which satisfies the condition (♭)(0, L, 1) for some L ≥ 1. Then, for any ε > 0 the isotopy
fs = θεhsθ1/ε (s ∈ [0, 1]) satisfies the condition (♭)(0, L, ε). Note that (a) the condition (∗) is
preserved under any bi-Lipschitz equivalence and (b) the condition (∗) is a local property, that is,
when U is a neighborhood of a point z in (Y, ρ), the metric space (Y, ρ) satisfies the condition (∗)
with respect to the point z if and only if so does (U, ρ|U ). In fact, if ϕ : (Y, ρ) ∼= (Z, σ) is a K-
Lipschitz homeomorphism and fs is an isotopy on Y which satisfies the condition (♭)(y, L, ε/K), then
gs = ϕfsϕ
−1 is an isotopy on Z which satisfies the condition (♭)(ϕ(y),K2L, ε). Thus, any Lipschitz
metric manifold also satisfies the condition (∗).
If a compact metric space (X, d) satisfies the condition (∗), then we can construct h ∈ Hub (Cκ(X, d))
for which the function ηh|[0,1] is not continuous at 1.
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Proof. Let cκ =
1
2 if κ = 0 and cκ =
√−κ
2 if κ < 0. Suppose (X, d) satisfies the condition (∗) with
respect to a point z ∈ X, L ≥ 1 and ε0 > 0. We may assume that L > 1cκ , L > ε0 and Lλκ(2)ε0 > 1.
(1) For each k ∈ N define εk ∈ (0, ε0) by Lλκ(4k + 2)εk = 1 and take an isotopy {fks }s∈[0,1] on X
which satisfies the condition (♭)(z, L, εk). Define h ∈ H(Cκ(X, d)) by
h(rx) =
{
rfks (x) (x ∈ X, r = 2k ± s (s ∈ [0, 1], k ∈ N)),
rx (x ∈ X, r ∈ [0, 1]).
We have to show that h ∈ Hub (Cκ(X, d)).
(i) For δ = ±1, x, y ∈ X and r = 2k + ǫs, q = 2k + ǫt (k ∈ N, s, t ∈ [0, 1], ǫ = ±1)
(a) d˜κ(h
δ(rx), hδ(ry)) = d˜κ(r(f
k
s )
δ(x), r(fks )
δ(y)) ≤ Ld˜κ(rx, ry),
(b) d˜κ(r(f
k
s )
δ(x), r(fkt )
δ(x)) ≤ Ld˜κ(rx, qx) ≤ L, d˜κ(h(rx), rx) = d˜κ(rfks (x), rx) ≤ L,
(c) d˜κ(h
δ(rx), hδ(qx)) ≤ (L+ 1)d˜κ(rx, qx).
These inequalities are deduced from the following observations:
(a′) Since (fks )δ : (X, dπ)→ (X, dπ) is also L-Lipschitz, we have dπ((fks )δ(x), (fks )δ(y)) ≤ Ldπ(x, y)
and so, from Remark 2.1 (3) and (1)(ii) it follows that
λκ
(
d˜κ(r(f
k
s )
δ(x), r(fks )
δ(y))
)
= λκ(2r) sin
1
2dπ((f
k
s )
δ(x), (fks )
δ(y))
≤ λκ(2r)L sin 12dπ(x, y) = Lλκ
(
d˜κ(rx, ry)
) ≤ λκ(Ld˜κ(rx, ry)).
(b′) Since d((fks )δ, (fkt )δ) ≤ εkL|s− t|, we have
sin 12dπ((f
k
s )
δ(x), (fkt )
δ(x)) ≤ dπ((fks )δ(x), (fkt )δ(x)) ≤ d((fks )δ(x), (fkt )δ(x)) ≤ εkL|s− t|.
Since cκu ≤ λκ(u) (u ≥ 0), Lλκ(4k + 2)εk = 1 and L ≥ 1cκ , it follows that
cκd˜κ(r(f
k
s )
δ(x), r(fkt )
δ(x)) ≤ λκ
(
d˜κ(r(f
k
s )
δ(x), r(fkt )
δ(x))
)
= λκ(2r) sin
1
2dπ((f
k
s )
δ(x), (fkt )
δ(x)) ≤ λκ(4k + 2)εkL|s− t| = |s− t|.
∴ d˜κ(r(f
k
s )
δ(x), r(fkt )
δ(x)) ≤ L|s− t| = L|r − q| = Ld˜κ(rx, qx) ≤ L.
Letting t = 1, we have the 2nd inequality.
(c′) Since d˜κ(r(fkt )δ(x), q(fkt )δ(x)) = |r − q| = d˜κ(rx, qx), from (i)(b) it follows that
d˜κ(h
δ(rx), hδ(qx)) = d˜κ(r(f
k
s )
δ(x), q(fkt )
δ(x))
≤ d˜κ(r(fks )δ(x), r(fkt )δ(x)) + d˜κ(r(fkt )δ(x), q(fkt )δ(x))
≤ Ld˜κ(rx, qx) + d˜κ(rx, qx) = (L+ 1)d˜κ(rx, qx).
(ii) The 2nd inequality in (i)(b) implies that d˜κ(h, id) ≤ L.
(iii) We show that h is a (2L+1)-Lipschitz homeomorphism. To see that hδ (δ = ±1) are (2L+1)-
Lipschitz, take any rx, qy ∈ Cκ(X, d) (x, y ∈ X, r, q ∈ [0,∞), r ≤ q). From (i)(c) it follows that
(d) d˜κ(h
δ(ry), hδ(qy)) ≤ (L+ 1)d˜κ(ry, qy).
Indeed, if k − 1 ≤ r ≤ k ≤ l ≤ q ≤ l + 1 (k, l ∈ N), then
d˜κ(h
δ(ry), hδ(qy)) ≤ d˜κ(hδ(ry), hδ(ky)) +
∑l−1
i=k d˜κ(h
δ(iy), hδ((i + 1)y)) + d˜κ(h
δ(ly), hδ(qy))
≤ (L+ 1)d˜κ(ry, ky) +
∑l−1
i=k(L+ 1)d˜κ(iy, (i+ 1)y) + (L+ 1)d˜κ(ly, qy)
= (L+ 1)
(
(k − r) +∑l−1i=k 1 + (q − l)) = (L+ 1)(q − r) = (L+ 1)d˜κ(ry, qy)
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Then, by (a) and (d) we have
d˜κ(h
δ(rx), hδ(qy)) ≤ d˜κ(hδ(rx), hδ(ry)) + d˜κ(hδ(ry), hδ(qy))
≤ Ld˜κ(rx, ry) + (L+ 1)d˜κ(ry, qy) = (2L+ 1)d˜κ(rx, qy).
(2) Next we show that the function ηh|[0,1] is not continuous at 1.
(i) The map h has the following properties:
(a) h((2k + 1)z) = (2k + 1)z for each k ∈ N.
(b) There exists a > 0 such that d˜κ(h(2kz), 2kz) ≥ a for each k ∈ N.
The claim (b) is verified as follows: Let γ := inf
k∈N
λκ(4k)
λκ(4k+2)
. Then γ > 0 since lim
k→∞
λκ(4k)
λκ(4k+2)
=
1 if κ = 0 and = e−
√−κ if κ < 0. Since Lλκ(4k + 2)εk = 1 and dπ(fk0 (z), z) ≥ εkL by (♭)(z, L, εk) (v),
it follows that
λκ
(
d˜κ(h(2kz), 2kz)
)
= λκ
(
d˜κ(2kf
k
0 (z), 2kz)
)
= λκ(4k) sin
1
2dπ(f
k
0 (z), z)
≥ λκ(4k) sin 12 εkL ≥ γλκ(4k + 2) 2π 12 εkL = γπL2 .
(ii) Assume that ηh|[0,1] is continuous at t = 1. Then, there exists t0 ∈ (0, 1) such that d˜κ(ht, h) < a
for any t ∈ (t0, 1]. Since 2k2k+1 → 1 (k → ∞), there exists k ∈ N such that t := 2k2k+1 > t0. It follows
that
(c) t ∈ (t0, 1), so d˜κ(ht, h) < a and
(d) t(2k + 1) = 2k and ht(2kz) = th(
1
t 2kz) = th((2k + 1)z) = t(2k + 1)z = 2kz.
Hence we have
d˜κ(ht, h) ≥ d˜κ(ht(2kz), h(2kz)) = d˜κ(2kz, h(2kz)) ≥ a,
which contradicts (c). 
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